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SYMPLECTIC AND POISSON GEOMETRY OF THE MODULI SPACES
OF FLAT CONNECTIONS OVER QUILTED SURFACES.
DAVID LI-BLAND AND PAVOL SˇEVERA
Abstract. In this paper we study the symplectic and Poisson geometry of moduli spaces
of flat connections over quilted surfaces. These are surfaces where the structure group
varies from region to region in the surface, and where a reduction (or relation) of structure
occurs along the boundaries of the regions. Our main theoretical tool is a new form
moment-map reduction in the context of Dirac geometry. This reduction framework
allows us to extend the results of [30, 40] to allow more general relations of structure
groups, and to investigate both the symplectic and Poisson geometry of the resulting
moduli spaces from a unified perspective.
The moduli spaces we construct in this way include a number of important examples,
including Poisson Lie groups and their Homogeneous spaces, moduli spaces for meromor-
phic connections over Riemann surfaces (following the work of Philip Boalch), and various
symplectic groupoids. Realizing these examples as moduli spaces for quilted surfaces pro-
vides new insights into their geometry.
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1. Introduction and Summary of Results
Suppose that G is a Lie group whose Lie algebra, g, is endowed with a G-invariant inner
product, 〈·, ·〉. Suppose that Σ is a closed oriented surface, and P → Σ is a principal G-
bundle. Let Aflat(P → Σ) denote the space of flat connections on P . Atiyah and Bott [6]
showed that the moduli space
M(P → Σ) := Aflat(P → Σ)/Aut(P )
of flat connections on P carries a symplectic structure. Their construction involves infi-
nite dimensional symplectic reduction. Somewhat later, Alekseev, Malkin, and Meinrenken
introduced quasi-Hamiltonian geometry [4], equipping it with a toolkit of fusion and reduc-
tion operations, in order to provide a finite dimensional construction of this moduli space.
Boalch [11] enlarged the quasi-Hamiltonian toolkit, introducing the fission operation, which
enables a finite dimensional construction of the moduli space of flat connections with pre-
scribed irregular singularities. Interestingly, this new fission operation also allowed Boalch
to associate Poisson/sympletic/quasi-Hamiltonian spaces of connections to surfaces with
different structure groups in different regions. Moreover, these techniques enabled Boalch
to interpret additional Poisson spaces, including examples of Poisson Lie groups [8, 8–12]
and Lu-Weinstein double symplectic groupoids [10–12], as moduli spaces for connections.
In this paper we expand the quasi-Hamiltonian toolkit further. First we introduce a
slight generalization of group-valued moment maps, so that the moduli space on a surface
with several marked points on every boundary component is equipped with such a moment
map.
Next, we subsume the quasi-Hamiltonian toolkit, consisting of reduction, fusion, and
fission, into a single broad generalization of reduction. In particular, the moduli space for
a triangulated surface is obtained via reduction from the moduli spaces for the triangles.
Consequently, we are able to construct symplectic structures on moduli spaces for:
• surfaces with boundary, where segments of the boundary are labelled by coisotropic
subalgebras of g (generalizing some results found in [40]),
• surfaces with domains labelled by distinct structure groups and domain walls la-
belled by coisotropic relations between the structure groups - also called quilted
surfaces (generalizing some results found in [10–12]),
• branched surfaces, where the branch locus is labelled by a coisotropic interaction
between the branches (generalizing some results found in [10–12]).
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Even more generally, our techniques may be used to produce Poisson structures, and a
natural generalization of quasi-Hamiltonian and quasi-Poisson structures.
As a result, we are able to construct of a number of well known spaces including: Lu’s
symplectic double groupoid integrating a Poisson Lie group [32], Boalch’s Fission spaces
[11, 12], Poisson Lie groups [17, 36], and Poisson homogeneous spaces [34], among others.
Our approach builds upon the results and ideas of various authors including Fock and
Rosly, Boalch, and the second author [7–12,20,38–40].
Some of these results appeared in [30], where the (quasi-)Poisson structures on moduli
spaces are constructed in terms of an intersection pairing. Here we present the reduction
theorems in full generality (unifying both the twists and reductions found in (quasi-)Poisson
geometry) and with an emphasis on symplectic structures. We also formulate the results
in more natural way, as morphisms of Manin pairs. Among the morphisms of Manin pairs,
we introduce the class of exact morphisms, corresponding to (quasi-)symplectic structures.
1.1. Notation and terminology. At this point, we would like to introduce some nota-
tion. Suppose Vi is a family of vector spaces (or manifolds) indexed by a set I and f : J → I
is a map. We use the notation
f ! :
∏
i∈I
Vi →
∏
j∈J
Vf(j)
{vi}i∈I 7→ {vf(j)}j∈J
for the induced pull-back map.
For any oriented graph Γ, we let EΓ denote the set of edges, VΓ the set of vertices and
in, out : EΓ → VΓ the incidence maps. Γ is called a permutation graph1 if both in and out
are bijections.
A quadratic Lie algebra is a Lie algebra endowed with an invariant non-degenerate sym-
metric pairing.
To simplify our presentation, we will assume that the Lie group G is connected through-
out this paper. The generalization to disconnected Lie groups is straightforward.
1.2. The construction.
1.2.1. Motivating example: The symplectic form from a triangulation. Let Σ be a closed
oriented surface and let
MΣ(G) = Hom(pi1(Σ), G)/Ad(G)
be the moduli space of flat connections. Let us recall how to compute the Atiyah-Bott
symplectic form ω on MΣ(G) in terms of a triangulation of Σ.
Let T be a triangulation of Σ. Let T0 denote the set of its vertices, T1 the set of
(unoriented) edges and T2 the set of triangles. We let T˜1 denote the set of oriented edges
(we thus have a 2-to-1 map T˜1 → T1) we let
(e→ e¯) : T˜1 → T˜1
1Such graphs are also called directed cycle graphs in the literature.
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Figure 1. In the figure, t ∈ T2 is a triangle, e1, e2, e3 ∈ T˜1 are oriented
edges, and v1, v2, v3 ∈ T0 are vertices. We have ∂t = {e1, e2, e3}, and
v2 = in(e1) and v1 = out(e1).
denote the map which reverses the orientation of the edges.
Let Aflat(T ) be the space of “combinatorial flat connections” on Σ:
Aflat(T ) = {g ∈ GT˜1 | ge¯ = g−1e for all e ∈ T˜1, and
∏
e∈∂t
ge = 1 for all t ∈ T2},
here ∂t ⊂ T˜1 denotes the oriented boundary and the product is taken in the natural (cyclic)
order (cf. Fig. 1). We have an action of GT 0 on Aflat(T ) by “gauge transformations”
(1.1) (g′ · g)e = g′in(e)ge(g′out(e))−1, g′ ∈ GT0 , g ∈ GT˜1
and
MΣ(G) = Aflat(T )/GT 0 .
If t is an oriented triangle with edges e1, e2, e3 (in their cyclic order), let
(1.2) Mt(G) = {(ge1 , ge2 , ge3) ∈ G×G×G | ge1ge2ge3 = 1}.
We have an inclusion
i : Aflat(T ) ⊂
∏
t∈T2
Mt(G),
where the subset Aflat(T ) is given by the condition ge = g−1e¯ .
Let
ωt =
1
2
〈g−1e2 dge2 , dge1 g−1e1 〉 ∈ Ω2(Mt(G)).
The 2-form ωt is invariant under cyclic permutations of the edges.
The symplectic form ω on MΣ(G) is given by
(1.3) p∗ω = i∗
∑
t∈T2
ωt,
where p : Aflat(T )→MΣ(G) is the projection [45].
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We shall interpret Equation (1.3) in the following way: MΣ(G) is obtained from
∏
t∈T2Mt(G)
by a variant of Hamiltonian reduction. The subset Aflat(T ) ⊂
∏
t∈T2Mt(G) is given by
a moment map condition, and then we need to take the quotient by the residual group
GT 0 to get a symplectic manifold. To do it, we need to explain this (quasi-)Hamiltonian
reduction and the (quasi-)Hamiltonian structure on Mt(G).
1.2.2. Quasi-Hamiltonian reduction. Let d be a quadratic Lie algebra and h ⊂ d a La-
grangian subalgebra (i.e. h⊥ = h). In other words, (d, h) is a Manin pair.
Suppose that d acts on a manifold N so that all the stabilizers are coisotropic Lie
subalgebras of d. We shall recall below the following notions (introduced by Alekseev,
Malkin and Meinrenken in [4] and by Alekseev, Kosmann-Schwarzbach and Meinrenken
in [3], slightly generalized in this paper):
• A quasi-Hamiltonian (d, h)×N -manifold (or quasi-Hamiltonian h-manifold, if d and
N are clear from the context) is a manifold M with an action of h, an h-equivariant
map µ : M → N (moment map), and a bivector field pi on M , satisfying certain
conditions.2
• Among the moment maps there are exact moment maps. In this case the bivector
field pi can be replaced by a 2-form (M is “quasi-symplectic”).
One of our main results is the following reduction theorem:
Theorem 1.1. Let M be a quasi-Hamiltonian (d, h)×N -manifold, l ⊂ d a Lagrangian Lie
subalgebra, and S ⊂ N an l-invariant submanifold.
(1) There is a natural Poisson bracket on the algebra C∞(M)l∩h ⊂ C∞(M) of l ∩ h-
invariant functions. In particular, if M/(l ∩ h) is a manifold, it is a Poisson
manifold.
(2) The ideal I ⊂ C∞(M)l∩h of functions vanishing on µ−1(S) is a Poisson ideal. In
particular, µ−1(S)/(l ∩ h) is a Poisson manifold, provided it is a manifold.
(3) If the moment map µ is exact and S is an l-orbit then the Poisson manifold
µ−1(S)/(l ∩ h) is symplectic.
More generally, if in place of the Lagrangian subalgebra l we use a coisotropic subalgebra,
we have a similar result, where the reduced manifold is still quasi-Hamiltonian. This
result is contained in Theorems 3.1 and 3.2, expressed in the more appropriate language
of morphisms of Manin pairs.
1.2.3. The quasi-Hamiltonian structure on moduli spaces. Let e be an (abstract) oriented
edge, let Ne = G and de = g¯ ⊕ g, where g¯ is g with the inner product negated. The
corresponding group De = G×G acts on Ne = G via
(1.4) (g1, g2) · g = g1 g g−12 .
2Strictly speaking the bivector field pi depends in an inessential way on a choice of a vector space
complement k ⊂ d to h, as in [2]. Similarly, in the exact case, the 2-form depends in an inessential way on
some other choice. These choices can be made canonically in our cases of interest, and so we will ignore
this subtlety until Section 2.3.
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Figure 2. The marked surface (Σ, V ), with V = {v1, v2, v3}. The bound-
ary graph Γ has edges EΓ = {e1, e2, e3} and vertices VΓ = V .
Ne = G should be imagined as the space of possible holonomies along e, and the action of
De = G×G as gauge transformations at the endpoints of e.
Let Σ be a compact oriented surface and V ⊂ ∂Σ a finite subset such that every com-
ponent of both Σ and ∂Σ intersects V non-trivially. We shall call (Σ, V ) a marked surface.
The boundary circles of Σ are cut into a sequence of oriented edges with endpoints in
V . Together these edges and vertices form a permutation graph Γ, the boundary graph of
(Σ, V ) (cf. Fig. 2). Let Π1(Σ, V ) denote the fundamental groupoid of Σ with the base set
V . Let
MΣ,V (G) = Hom(Π1(Σ, V ), G)
be the moduli space of flat connections on G-bundles over Σ trivialized at V . This moduli
space is quasi-Hamiltonian in the following way:
We have an action of the group H = GV on MΣ,V (G) by (residual) gauge transforma-
tions,
(h · f)(e) = hin(e)f(e)h−1out(e),
for h ∈ GV , f ∈MΣ,V (G), and e ∈ Π1(Σ, V ). We also have a map
µ :MΣ,V (G)→ N :=
∏
e∈EΓ
Ne.
where the components of µ are given by
µ(f)e = f(e)
(in other words, µ is the list of holonomies along the boundary arcs). Notice that the map
µ is H-equivariant, where H = GV embeds as a subgroup
GV ⊆ D :=
∏
e∈EΓ
De =
∏
e∈EΓ
(G×G).
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Here g ∈ GV is included as the element ∏e∈EΓ(gin(e), gout(e)). Letting d and h denote the
Lie algebras of D and H, we have:
Theorem 1.2. There is a natural (d, h) × N -quasi-Hamiltonian structure on MΣ,V (G)
with the moment map µ. The moment map is exact and the quasi-symplectic form ω
on MΣ,V (G) is given by the formula (1.3), where T is any triangulation of Σ such that
T0 ∩ ∂Σ = V .
We prove this theorem in Section 4.
Remark 1.1. In the case where every boundary component of Σ contains exactly one ele-
ment of V , the theorem (except for the triangulation part) was proved by Alekseev, Malkin
and Meinrenken in [4], and became the motivation for quasi-Hamiltonian structures.
1.2.4. Reduction applied to moduli spaces. We can combine Theorems 1.1 and 1.2 to pro-
duce Poisson and symplectic manifolds: we choose a collection (Σi, Vi) of marked surfaces
with boundary graphs Γi, and a collection Gi of Lie groups with quadratic Lie algebras.
The manifold
M :=
∏
i
MΣi,Vi(Gi)
is quasi-Hamiltonian, with the moment map µ :M→ N = ∏iNi. We choose a Lagrangian
Lie subalgebra l ⊂ d and a l-invariant submanifold S ⊂ N . Then by Theorem 1.1, if the
transversality conditions are satisfied, the manifold
Mred = µ−1(S)/(l ∩ h)
is symplectic or Poisson.
The reduced manifold Mred can be again seen as a moduli space of flat connections,
with certain boundary (or sewing) conditions. Below we shall give various examples for
simple choices of l and S.
Example 1.1. As the first example, let Σ be a closed surface with a triangulation T . Let
(Σ′, V ′) be the disjoint union of the triangles, with V ′ consisting of the vertices, and let
M =MΣ′,V ′(G) =
∏
t∈T2
Mt(G).
in the notation of Eq. (1.2).
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Let us now identify our data on a picture (showing just two triangles, with the parallel
edges identified in Σ):
G
t1
t2
g
G
G
G
G
G
g
g
g
g
g
g¯
g¯
g¯
g¯
g¯
g¯
The Lie algebra d is the direct sum of all the g’s and g¯’s, situated at the half-edges of the
triangles. N is the product of all G’s. The Lie algebra h ⊂ d is the direct sum of all the
diagonal Lie subalgebras, g∆ ⊂ g⊕ g¯, situated at the vertices of the triangles. Let the Lie
algebra l ⊂ d be the direct sum of all the diagonals g∆ ⊂ g ⊕ g¯ situated at the pairs of
half-edges that are identified in Σ. Notice that h ∩ l = gT0 .
t1
t2
ξ′1
ξ′′2
ξ′2
ξ2
ξ′′1
ξ1
ξ′′1
ξ1
ξ′1
ξ2
ξ′2
ξ′′2
Elements of h lie in the direct sum of all
the diagonals g∆ ⊂ g ⊕ g¯ at the vertices
of the triangles.
t1
t2
ξ
g−1
g
η
η
ξ
Elements of l lie in the direct sum of all
the diagonals g∆ ⊂ g ⊕ g¯ at the pairs of
half-edges that are identified in Σ. The
l-orbit, S, consists of those elements g ∈∏
e∈T˜1 such that ge = g
−1
e¯ .
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For the l-orbit S ⊂ N we take the subset given by the conditions ge¯ = g−1e for any pair
of edges e, e¯ that are identified in Σ. We have
MΣ(G) =Mred := µ−1(S)/(h ∩ l).
Thus we are able to obtain MΣ(G) by quasi-Hamiltonian reduction from triangles.
So far we have not explicitly described the symplectic or Poisson structure onMred. In
a special case it is very simple. Let
µi :MΣi,Vi(Gi)→ Ni
denote the (exact) moment map, and let ωi be the quasi-symplectic 2-form on MΣi,Vi(Gi)
(given explicitly in Theorem 1.2). For every boundary arc e of Σi we have the involution
of de = g¯i ⊕ gi given by
(ξ, η) 7→ (η, ξ).
If we apply the involution simultaneously at all the boundary arcs, we get an involution of
d =
⊕
i
⊕
e⊂∂Σi
g¯i ⊕ gi.
We shall say that a subalgebra l ⊂ d is symmetric if it is invariant with respect to this
involution.
Theorem 1.3. If l ⊂ d is a symmetric Lagrangian subalgebra and S ⊂ N is the l-orbit
through the identity element
1 ∈ N =
∏
i
G
EΓi
i ,
then the symplectic form ωred on
Mred = µ−1(S)/l ∩ h
is given by
p∗ωred =
∑
i
ωi
∣∣∣∣∣
µ−1(S)
where p : µ−1(S)→Mred is the projection.
As explained in Remark 3.3, Theorem 1.3 will follow as a corollary to Proposition 3.1.
1.3. Colouring Edges. Suppose that c ⊆ g is a coisotropic subalgebra (i.e. c⊥ ⊆ c). Then
the subalgebra
lc := {(ξ, η) ∈ (g⊕ g) | ξ, η ∈ c and ξ − η ∈ c⊥}
is both Lagrangian and symmetric. The orbit of lc through the identity of G, with respect to
the action Eq. (1.4), can be identified with the simply connected Lie group C⊥ integrating
the Lie algebra c⊥.
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e
f
f1
f2
e2e1
Figure 3. The symplectic double groupoid integrating the Lie-Poisson
structures on E and F .
Let (Σ, V ) be a marked surface. For every boundary arc e (i.e. for every edge of the
permutation graph ΓΣ,V with the vertex set V ), let ce ∈ g be a coisotropic subalgebra, and
consider the Lie subalgebra
l :=
⊕
e
lce ⊂
⊕
e
g¯⊕ g = d.
It is clear that l is both Lagrangian and symmetric. Let S ⊂ N = ∏eG be the l-orbit
passing through 1 ∈∏eG. Theorem 1.3 implies that if the quotient space
Mred = µ−1(S)/l ∩ gV
is a manifold, it is symplectic.
Concretely,
(1.5) Mred = {f : Π1(Σ, V )→ G | f(e) ∈ C⊥e for every e}/l ∩ gV ,
and l ∩ gV ⊂ gV is given by the conditions
ξv ∈ ce1 ∩ ce2 where v = in(e1) = out(e2)(1.6a)
ξin(e) − ξout(e) ∈ c⊥e .(1.6b)
Notice that if ce’s are Lagrangian then the first condition implies the second one. If,
moreover, ce1 ∩ ce2 = 0 for any pair of consecutive boundary arcs then l ∩ gV = 0. Under
these conditions the moduli space Mred was considered in [40].
Example 1.2 ([10–12,39,40]). Suppose that e, f ⊆ g are transverse Lagrangian subalgebras,
and let E,F ⊂ G denote the corresponding connected Lie groups. We may colour alternate
edges of a rectangle with e and f, as in Fig. 3. From Eq. (1.5) we see that
Mred = {(e1, e2, f1, f2) ∈ E2 × F 2 | e1f1e2f2 = 1}.
By Theorem 1.3 the moduli space Mred carries the symplectic form
ω =
1
2
〈e−11 de1, df1 f−11 〉+
1
2
〈e−12 de2, df2 f−12 〉.
Here, the upper-left triangle in Fig. 3 contributed the term 12〈e−11 de1,df1f−11 〉 to this
expression while the bottom-right triangle in Fig. 3 contributed the term 12〈e−12 de2, df2f−12 〉.
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e
f
f1
e2
e1
g
f2
g g
f1
f2
e
2 g
f
1 g −
1
e1
e2
Figure 4. The symplectic double groupoid integrating the Lie-Poisson
structure on G.
e
f
c
e
f
g c
e f
c
gg
g
−1 e
v0v0
Figure 5. The symplectic groupoid integrating the Lu-Yakimov Poisson
structure on G/C.
As explained in [39,40], the symplectic manifold (M, ω) is the Lu-Weinstein symplectic
double groupoid integrating the Lie-Poisson structures on E and F [33].
Example 1.3 ([38, 40]). Let e, f ⊆ g be as above. Divide each boundary component of
the annulus into two segments and colour alternate edges with e and f, as in Fig. 4. From
Eq. (1.5) we see that
Mred = {(e1, e2, f1, f2, g) ∈ E2 × F 2 ×G | ge1f1g−1f2e2 = 1}.
The moduli space Mred carries the symplectic form
ω =
1
2
〈e−12 de2, dg g−1〉+
1
2
〈(e2g)−1d(e2g),de1 e−11 〉
+
1
2
〈gf−11 d(f1g−1), gf2 f−12 〉 −
1
2
〈dg g−1,df1 f−11 〉,
which can be computed from the triangulation pictured in Fig. 4.
As explained in [38,40], the symplectic manifold (M, ω) is the symplectic double groupoid
integrating the Lie-Poisson structure on G.
Example 1.4. Suppose that e, f ⊆ g are transverse Lagrangian subalgebras and c ⊆ g
is a coisotropic subalgebra. Let E,F,C,C⊥ ⊂ G denote the corresponding connected Lie
subgroups, and suppose that C ⊂ G is closed. Consider the annulus whose outer boundary
is divided into two segments. Colour the outer boundary by the two Lie subalgebras e and
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f and the inner boundary by the inner boundary by the Lie subalgebra c, as in Fig. 5. We
have
µ−1(S) = {(e, f, g, c) ∈ E × F ×G× C⊥ | efgcg−1 = 1}.
Meanwhile, Eq. (1.6) yields
l ∩ gV = {ξ ∈ gV | ξv0 ∈ c and ξv = 0 for all v 6= v0},
where v0 is the vertex labelled in Fig. 5. Thus the Lie group of residual gauge transforma-
tions is C, acting as
c′ · (e, f, g, c) = (e, f, gc′−1, c′cc′−1), c′ ∈ C, (e, f, g, c) ∈ E × F ×G× C⊥.
Since, by assumption this acts freely and properly on µ−1(N), Theorem 1.3 implies that
the moduli space
Mred = {(e, f, g, c) ∈ E × F ×G× C⊥ | efgcg−1 = 1}/C
carries the symplectic form
ω = −1
2
〈dg g−1,de e−1〉+ 1
2
〈c−1dc,d(g−1e) e−1g〉+ 1
2
〈f−1df,dg g−1〉.
The symplectic manifold (Mred, ω) is the symplectic groupoid integrating the Lu-Yakimov
Poisson structure on the homogeneous space G/C [34]. The source and target maps are
s(e, f, g, c) = g, t(e, f, g, c) = fg,
and the multiplication is
(e′, f ′, g′, c′) · (e, f, g, c) = (ee′, f ′f, g, c′c), g′ = fg.
1.4. Domain walls and branched surfaces. Let (Σi, Vi) be a finite collection of marked
surfaces with boundary graphs Γi, and Gi a collection of Lie groups with quadratic Lie
algebras gi. As we observed above, the space
M =
∏
i
MΣi,Vi(Gi)
is a (d, h)×N -quasi-Hamiltonian for appropriate (d, h, N), and if we choose a Lagrangian
Lie subalgebra l ⊂ d and a l-orbit S ⊂ N , then
Mred = µ−1(S)/l ∩ h
is symplectic. If the subalgebra l ⊂ d is symmetric then Theorem 1.3 gives us a simple
formula for the symplectic form on Mred.
Let us now choose a symmetric l ⊂ d in the following way. We first glue the boundary
arcs of (Σi, Vi) in an arbitrary way. More precisely, let W be a finite collection of (disjoint)
unit intervals called domain walls, let
κ : unionsqiEΓi →W
be a surjective map assigning to every edge of every boundary graph Γi a domain wall,
and let
φe : e→ κ(e)
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be a homeomorphism for every boundary edge e (not required to preserve the orientation).
Let Σ be the topological space obtained from Σi’s and the domain walls after we identify
every boundary arc e with κ(e) via the map φe.
For every boundary arc e ∈ EΓi let i(e) = i, and
sign(e) =
{
+1 if φe is orientation-preserving
−1 otherwise.
For every domain wall w ∈W, let
gw =
⊕
e∈κ−1(w)
sign(e)=+1
gi(e) ⊕
⊕
e∈κ−1(w)
sign(e)=−1
g¯i(e)
and
dw = g¯w ⊕ gw.
Notice that
d :=
⊕
w∈W
g¯w ⊕ gw =
⊕
i
(g¯i ⊕ gi)EΓi .
For every domain wall w ∈W we now choose a coisotropic Lie subalgebra
cw ⊂ gw.
Using cw we construct the symmetric Lagrangian Lie subalgebra lw ⊂ dw,
lw := {(ξ, η) ∈ g¯w ⊕ gw | ξ, η ∈ cw, ξ − η ∈ c⊥w}.
Finally we set
l =
⊕
w∈W
lw.
For every domain wall w ∈ W, let C⊥w ⊂ Gw denote the connected Lie subgroup with
Lie algebra c⊥w , and
C⊥ =
∏
w∈W
C⊥w ⊆
∏
i
G
EΓi
i .
Then S := C⊥ ⊂ N is the l-orbit passing through 1 ∈∏iGEΓii = N . As before, we have
(1.7) µ−1(S) =
{{fi : Π1(Σi, Vi)→ Gi}i |∏
i
{fi(e)sign(e)}e∈EΓi ∈ C⊥
}
and
Mred = µ−1(S)/l ∩
⊕
i
gVii .
Example 1.5 (Oriented surfaces with coloured boundaries). If we have just one domain
and the gluing map κ is injective, then we are in the case described in Section 1.3.
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g1
g2
g3
c1,2 ⊂ g1 ⊕ g2
c2,3 ⊂ g2 ⊕ g3
c2 ⊂ g2
c1 ⊂ g1
Figure 6. Our surface is divided into domains with distinct structure
groups, and the domain walls are coloured by coisotropic relations between
the structure groups. As before, coisotropic boundary conditions are also
chosen.
C
0
C
1
C 2
hC2r C2r−
1
C2r
−2h
g
C
0
A
d
h
h
0
hh0 h2r−1
h
2r−2
h
2
h
1
A
d
h h
0
h
v6
v1
v2
v3
v4
v5
xG
xH
xG
xH
Figure 7. On the surface pictured above, the structure group in the yellow
domain is G while the structure group in the blue domain is H. Along
the boundary of the two domains, blue edges are coloured with c+ while
the red edges are coloured with c−. Cutting along the dotted line in the
first picture yields yields the second picture. Acting by H at the vertices
v1, . . . , v2r allows us to set the holonomies h0, . . . , h2r−1 to the identity.
1.4.1. Domain walls. Suppose that the glued topological space Σ is still a (not necessarily
oriented) surface. Equivalently, every domain wall w ∈ W borders either one or two
domains (i.e. the preimage κ−1(w) has cardinality one or two). The resulting surface Σ
was called a quilted surface in [30] (following [44]).
Remark 1.2. Quantizations of these moduli spaces have been studied in the physics com-
munity [21, 24, 25] for abelian structure groups and Lagrangian relations on the domain
walls.
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Example 1.6 ([12]). Suppose that g = u+ ⊕ h ⊕ u− as a vector space (but not as a Lie
algebra), where p± := h⊕ u± ⊆ g are coisotropic subalgebras satisfying p⊥± = u±. Suppose
further that the Lie subalgebras u±, p±, h all integrate to closed subgroups U±, P±, H ⊆ G
such that H = P+ ∩ P−. The metric on g descends to a non-degenerate invariant metric
on h ⊆ g, and
(1.8) c± := {(ξ; ξ + µ) ∈ h⊕ g | ξ ∈ h and µ ∈ u±}
is a coisotropic subalgebra (in fact, it is Lagrangian).
As in Fig. 7, let Σ denote the annulus, and let γ ⊂ (Σ \ ∂Σ) be a simple closed curve
representing the generator of the fundamental group. Cutting Σ along γ yields two annuli,
ΣG,ΣH ⊂ Σ, which we label with the structure groups G and H, respectively. We divide γ
into 2r segments with endpoints labelled v1, . . . v2r, and colour alternating segments with
the coisotropic Lie subalgebras c+ and c−. Finally, we mark the respective components of
∂Σ with points xG and xH .
The points xG, XH , v1, . . . , v2r form the vertices of a triangulation of Σ, as pictured in
Fig. 7. Now the orbit of l± through the identity is P±. Thus, from Eq. (1.7), we see that
µ−1S = {(h, h0, . . . , h2r−1;C0, C1, . . . , C2r) ∈ H2r+1 ×G2r+1
| h−12i+1C2i+1C−12i h2i ∈ U+ and h−12i C2iC−12i−1h2i−1 ∈ U−, },
where the elements h, h0, . . . , h2r−1 ∈ H and C0, C1, . . . , C2r ∈ G denote the appropriately
labelled holonomies in Fig. 7.
On the other hand,
l ∩
⊕
i
gVii
∼=
∏
v1,...,v2r
h,
acting at the appropriate vertices. Thus, up to a gauge transformation, we may assume
that h0 = h1 = · · · = h2r−1 = 1. Setting Si = CiC−1i−1, we see that that the quotient space,
hol−1(l · 1)/(l ∩∏t∈T2(gt)ΓP3), can be identified with
GArH := {(h;S2r, . . . , S1;C0) ∈ H × (U− × U+)r ×G}.
We compute the two form to be
ω = −1
2
(〈d(hC2r) (hC2r)−1, dC0 C−10 〉+ 〈(hC2r)−1d(hC2r), C−12r−1dC2r−1〉
+
2r−1∑
i=1
〈C−1i dCi, C−1i−1dC2i−1〉
)
.
Substituting bC0 = hC2r in the first term and simplifying yields
ω =
1
2
(〈dC0 C−10 ,AdbdC0 C−10 〉+ 〈dC0 C−10 ,db b−1〉+ 〈dC2r C−12r , h−1dh〉
+
2r∑
i=1
〈C−1i dCi, C−1i−1dC2i−1〉
)
,
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g2
g1
g3
c
Figure 8. Pictured above are three domains with structure Lie algebras
g1, g2 and g3. The three domains intersect at a branch locus, which we
must colour by a coisotropic subalgebra c ⊆ ⊕3i=1gi.
(here we have used the fact that 〈dS2r S−12r , h−1dh〉 = 0). Now, we haven’t coloured the
boundary of ∂Σ, so Theorem 1.3 does not imply that ω is symplectic. Nevertheless, as we
shall see later, Theorem 3.2 implies that ω defines a quasi-Hamiltonian G×H structure on
GArH , where the moment map GArH → G×H is given by the holonomy along the (oriented)
boundary components:
(h;S2r, . . . , S1;C0)→ (C−10 hS2r · · ·S1C0, h−1),
and the G and H actions on GArH are precisely the residual gauge transformations. These
act by G at xG and by H at xH :
(g, k) · (h;S2r, . . . , S1;C0) = (khk−1, kS2rk−1, . . . , kS1k−1, kC0g−1), g ∈ G, k ∈ H.
Remark 1.3. This quasi-Hamiltonian G×H-space was first discovered by Boalch [10–12],
who used it to study meromorphic connections on Riemann surfaces.
1.4.2. Branched Surfaces. We can now consider examples where Σ is not a topological
surface, i.e. where the domain walls may border more than two domains.
Remark 1.4. Since our gauge fields (connections on Σ) are constrained to lie in cw ⊆⊕
e∈κ−1(w) ge along the domain wall w ∈W , one may interpret cw as a “conservation law”
for an interaction between the structure groups of the various domains glued to the domain
wall w.
Example 1.7 ([10–12]). Let V = ⊕ni=1Vi be a direct sum decomposition of a finite dimen-
sional vector space, G = Gl(V ), and P+ ⊆ G the stabilizer for the flag
F1 ⊂ F2 ⊂ · · · ⊂ Fn = V,
where Fk = ⊕ki=1Vi. Similarly, let P− ⊆ G be the stabilizer for the flag
F˜n ⊂ · · · ⊂ F˜2 ⊂ F˜1 = V,
where F˜k = ⊕ni=kVi. Finally, let Hi = Gl(Vi) so that
∏n
i=1Hi = P+∩P−. Let H =
∏n
i=1Hi,
let U± denote the unipotent radicals of P±, and let g, p±, u±, h, hi denote the Lie algebras
corresponding to the various Lie groups.
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G
H1
H2
Hn
Figure 9. A branched surface which arises in the work of Philip Boalch
(see [11, Pg. 2675] and [12, Fig. 2]).
Now consider the moduli space
GArH := (
n∏
i=1
Hi)× (U− × U+)r ×G
described in Example 1.6. The coisotropic Lie algebra
c± := {(
n∑
i=1
ξi;
n∑
i=1
ξi + µ) | ξi ∈ hi and µ ∈ u±} ⊂ (⊕ni=1hi)⊕ g
defined in Eq. (1.8) can be used to colour the branch locus of n + 1 domains with the
structure groups H1, . . . ,Hn and G. Thus we may interpret GArH as the moduli space of
flat connections for the branched surface pictured in Fig. 9.
Remark 1.5. The quasi-Hamiltonian space GArH first appeared in the work of Philip Boalch
[10–12].
Example 1.8 (quasi-triangular structures). Let g be a quasi-triangular Lie quasi-bialgebra,
i.e. g is a Lie algebra with a chosen element s ∈ (S2g)g. Let d be the Drinfel’d double of
g. This means that d is a quadratic Lie algebra, g ⊂ d is a Lagrangian subalgebra, and
p ⊂ d is an ideal such that d = g⊕ p as a vector space. Additionally, the restriction of the
quadratic form on d to p ∼= g∗ is s.3
3These properties uniquely define d. In particular, the Lie bracket is given by
[ξ + α, η + β] = [ξ, η] + ad∗ξα− ad∗ηβ, ξ, η ∈ g, α ∈ p, β ∈ p⊥
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Figure 10. Each of the edges above are coloured by cn, where n is the
number of domains branching off the given edge. As we cross a branch
locus, the orientation of the domains reverses. As depicted, we may move
branch loci past each other.
There is a natural groupoid structure on d, where g is the space of objects and compo-
sition is defined by
(ξ + α)(ξ + β) = ξ + α+ β ∀ξ ∈ g, α ∈ p, β ∈ p⊥,
and the source and target maps are
s(ξ + α) = ξ, t(ξ + α) = ξ + s(α, ·), ξ ∈ g, α ∈ p
The graph of multiplication,
(1.9) gr(Mult) = {(ξη, ξ, η) | ξ, η ∈ d are composable} ⊆ d⊕ d¯⊕ d¯,
is a Lagrangian Lie subalgebra. See [18] and [28] for more details.
Similarly, the graph of iterated multiplication
cn := {(ξ1, . . . , ξn) | ξ1ξ2 · · · ξn ∈ g} ⊆ dn
is also a Lagrangian Lie subalgebra. As such it can be used to colour the branch locus of
n domains each with structure group D (a connected Lie group with the Lie algebra d).
Note that crossing such a branch locus reverses the orientation of the domain.
The associativity of multiplication on d plays out as follows: paying attention to the
orientations, if (as in Fig. 10) we
• move two branch loci past each other, or
• break a cm+n−2-coloured branch locus into two separate cm and cn coloured branch
loci (or vice-versa),
the resulting moduli spaces are canonically symplectomorphic.
where ad∗ denotes the contragredient representation of g.
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+
−
+
−
+
−
+
−
+
−
+
−
Figure 11. We replace each domain in our branched surface by two copies,
one with the same orientation (labelled +), and one with the opposite orien-
tation (labelled −). Each cn-coloured domain wall is replaced by cyclically
gluing the incident sheets together, respecting the orientations. In this way
we obtain an oriented surface from our cn-coloured (branched) surface.
In fact, there is a clear interpretation of the the moduli spaces constructed by sewing
domains together using the Lagrangian relations cn. One may identify them with certain
traditional moduli spaces in the following way: Suppose that ∪Σd → Σ is our cn-coloured
surface with domains Σd. First we form a two sheeted (branched cover) Σ˜ of Σ as follows:
double each domain Σd to two sheets Σ
+
d ∪Σ−d , where the sheet Σ+d is canonically identified
with Σd, while the sheet Σ
−
d is also canonically identified with Σd but with the opposite
orientation. At each cn-coloured domain wall with incident domains Σd1 , . . . ,Σdn , cycli-
cally glue the sheets Σ±d1 , . . . ,Σ
±
dn
together along their corresponding boundary segment,
respecting the orientations, as in Fig. 11. In this way, one constructs the oriented surface
Σ˜.
The groupoid inversion Inv : d 99K d¯, being a morphism of Lie algebras, integrates to an
involution of the Lie group D. This involution in turn lifts to an involution
AΣ˜(D)→ AΣ˜(D)
of the connections on Σ˜, mapping the fibre of the principal bundle over the +-sheet to the
fibre over the −-sheet via Inv : D → D. The involution is a symplectomorphism which
is compatible with the gauge transformations, and thus descends to a symplectomorphic
involution on the moduli space, MΣ˜(D). The fixed points of this involution are naturally
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d
g∆
g∆
h
h
g∆
g∆
h
h
g
h
g∆
g∆
h
g
h
h
g
Figure 12. The moduli spaces for the quilted surfaces pictured above
may each be identified with the Lu-Weinstein double symplectic groupoid
integrating the Lie-Poisson structures on G and H. In the leftmost quilted
surface, a single domain carries the structure Lie algebra d, while each of
the domains in the other quilted surfaces carry the structure Lie algebra g.
The double-ended arrows between edges in the middle two quilted surfaces
signify that those pairs of edges have been coloured by the corresponding
Lagrangian relations. The rightmost quilted surface depicts a sphere con-
taining two domain walls each coloured by h.
identified with the moduli space MΣ(D) of flat connections on the original cn-coloured
surface.
Example 1.9 ([10–12,20]). Suppose that g is a quasi-triangular Lie-bialgebra, where the
s ∈ (S2g)g is non-degenerate, i.e. g is a quadratic Lie algebra. Equivalently, the double
is d = g ⊕ g¯, and the Manin triple is (d; g∆, h) where g∆ ⊂ g ⊕ g¯ = d is the diagonal,
and h ⊂ g ⊕ g¯ is a complementary Lagrangian subalgebra. Notice that we may view h as
either a Lagrangian subalgebra of d, or a Lagrangian relation from g to itself. We let G
and H ⊂ G×G denote the simply connected (resp. connected) Lie groups corresponding
to g and h.
Of course G and H are Poisson Lie groups, and we may construct the Lu-Weinstein
double symplectic groupoid integrating the Lie-Poisson structures on G and H as a moduli
space M, as in Example 1.2. Specifically, M is a moduli space of d-valued connections
over a square, where alternating edges of the square are coloured with g and h as in the
leftmost quilted surface pictured in Fig. 12.
However, since d = g⊕ g¯, we may equally well viewM as a moduli space of g connections
on two squares, where alternating edges of the first square are sewn to the corresponding
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edges of the second square using the Lagrangian relations g∆ ⊂ g ⊕ g¯ and h ⊂ g ⊕ g¯,
respectively (see the middle two quilted surfaces in Fig. 12).
Now g∆ ⊆ g⊕g¯ is just the graph of the identity map, so a g∆-coloured domain wall relates
the (identical) structure groups in the incident domains by identifying them. Effectively,
a g∆-coloured domain wall can be erased. Thus M may be viewed as a moduli space of
g-connections on the cylinder, where either boundary of the cylinder has been broken into
two segments which are then sewn to each other using the Lagrangian relation h ⊂ g⊕ g¯.
That is to say, M is a moduli space of g-connections over the sphere S2, where two
(contractible, non-intersecting) domain walls γ1, γ2 ⊂ S2 have been coloured with h (see
the rightmost quilted surface in Fig. 12).
Thus, in this (quasi-triangular) case, the Lu-Weinstein double symplectic groupoid can
be identified with a certain moduli space of connections on the sphere. This fact was first
discovered by Fock and Rosly [20] (in terms of graph connections) and Boalch [10, 11] (in
the case where g is reductive and endowed with the standard quasi-triangular Lie bialgebra
structure). Moreover, Boalch’s perspective shows that placing these contractible domain
walls on the sphere has the much deeper interpretation of prescribing certain irregular
singularities for the connection.
Remark 1.6. In fact, Boalch [10–12] also provides an interpretation of these h-coloured
domain wall in terms of quasi-Hamiltonian geometry (in the case where g is reductive and
endowed with the standard quasi-triangular Lie-bialgebra structure). Indeed, in this case,
a neighborhood of each domain wall may be identified with the quilted surface described
in Example 1.6 (for r = 1), for which the corresponding moduli space is Boalch’s fission
space.
1.5. Poisson structures. In this section, we will describe some Poisson structures which
may be constructed using our approach. Later, in Section 5 we will generalize these results
to the case where g is a quasi-triangular Lie quasi-bialgebra rather than a quadratic Lie
algebra.
Let (Σ, V ) be a marked surface with boundary graph Γ. First, recall from Theorem 1.2
that the moduli spaceMΣ,V (G) for a marked surface (Σ, V ) carries a (dVΓ , gVΓ , GEΓ)-quasi-
Hamiltonian structure, where d = g⊕ g, the Lagrangian Lie subalgebra gVΓ = gVΓ∆ ⊂ dVΓ is
embedded as the diagonal, and dVΓ acts on the e ∈ EΓ-th factor of GEΓ via the vector field
(1.10) ξLout(e) − ηRin(e), (ξ, η) ∈ gVΓ ⊕ gVΓ = dVΓ .
Here the superscripts L,R denote left,right invariant vector fields. The bivector field on
MΣ,V (G) is computed in Section 5.2 and leads to the result of [30, Theorem 3], which we
summarize briefly.4
4In fact, the computation in Section 5.2 results in minus the bivector field described in [30], due to us
orienting ∂Σ in the opposite way.
Strictly speaking, the bivector field on MΣ,V (G) depends on the choice of a complement k ⊂ dVΓ to
h = gVΓ . In this case, k can be chosen canonically as k := gVΓ
∆¯
, where
g∆¯ := {(ξ,−ξ) ∈ (g⊕ g)}.
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If a, b ∈ Π1(Σ, V ), let us represent them by transverse smooth paths α, β. For any point
A in their intersection, let
λ(A) =
{
1 if A ∈ ∂Σ
2 otherwise
sign(A) := sign(α, β;A) =
{
1 if (β′|A, α′|A) is positively oriented
−1 otherwise.
as in Fig. 13.
A
αβ
−A
βα
+ A
βα
[α−1A βA]
Figure 13. sign(A) = ±1 is determined by comparing the orientation of
α and β with that of Σ. The path [α−1A βA] is shown to the right.
Let αA denote the portion of α parametrized from the beginning up to the point A.
Finally, let
(a, b) :=
∑
A
λ(A)sign(A)[α−1A βA] ∈ ZΠ1(Σ, V ).
(When V contains only one point, this is a skew symmetrized version of the intersection
form described in [42]).
Then for any a, b ∈ Π1(Σ, V ),
(1.11) pi
(
ev∗a(g
−1dg), ev∗b(g
−1dg)
)
=
1
2
(Adev(a,b) ⊗ 1) s,
where eva, evb : MΣ,V (G) = Hom(Π1(Σ, V ), G) → G denotes evaluation, s ∈ g ⊗ g is the
inverse of the quadratic form, and g−1dg denotes the left invariant Maurer-Cartan form on
G.
Example 1.10 (The two sided polygon, P2). Suppose (Σ, V ) = P2 is the disk with two
marked points and EΓ = {e1, e2}, as in Fig. 14. Then we may identify MP2(G) with G
via ge1 (since ge2 = g
−1
e1 ). Under this identification, the bivector field is trivial, piP2 = 0
(cf. [30]).
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ge1ge2
Figure 14. The cyclic product of holonomies, ge2ge1 , is trivial, so ge2 = g
−1
e1 .
1.5.1. Colouring edges. Suppose now that we colour each marked point v ∈ VΓ with a
Lagrangian subalgebra lv ⊆ d, and each edge e ∈ EΓ with a submanifold Se ⊆ G in a
compatible way: Specifically, we require that
S :=
∏
e∈EΓ
Se ⊆ GEΓ
be l-invariant, where
l :=
⊕
v∈VΓ
lv ⊆ dVΓ ,
and the action is given in Eq. (1.10). Then Theorem 1.1 implies that
Mred := µ−1(S)/(l ∩ gVΓ)
is a Poisson manifold (provided it is a manifold).
It is not difficult to describe the bivector field on µ−1(S)/(l ∩ gVΓ). First, let g∆ ⊆ d
denote the diagonal and g∆¯ ⊆ d the off-diagonal:
g∆¯ := {(ξ,−ξ) ∈ (g⊕ g)}.
Each Lagrangian Lie subalgebra lv ⊆ dVΓ defines an element τv ∈ ∧2
(
h/(l ∩ h)) by the
equation
lv = {(α+ τ ]vα) | α ∈ g∆¯, 〈α, lv ∩ g∆〉 = 0}+ lv ∩ g∆.
Here τ ]vα ∈ g∆/(lv ∩ g∆) is defined by
τ ]vα :=
1
2
∑
i,j
τ ijv 〈α, ξi〉ξj −
1
2
∑
i,j
τ ijv 〈α, ξj〉ξi
when we represent τv as τv =
1
2
∑
i,j τ
ij
v ξi ∧ ξj .
We have the following theorem:
Theorem 1.4. If the intersection, µ−1(S), of S ×MΣ,V (G) with the graph of µ is clean,
and the l ∩ gVΓ-orbits of µ−1(S) form a regular foliation, then the bivector field
pi +
∑
v∈VΓ
ρv(τv) ∈ Γ
( ∧2 T (µ−1(S))/ρ(l ∩ gVΓ))
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is l∩ gVΓ invariant and descends to define the Poisson structure on µ−1(S)/(l∩ gVΓ). Here
ρ : gVΓ → X(MΣ,V (G)) denotes the action by infinitesimal gauge transformations at the
marked points, and ρv is the restriction of ρ to the v ∈ VΓ-th factor.
Moreover, for any l-orbit O ⊆ S, the image of µ−1(O) in µ−1(S)/(l ∩ gVΓ) will be a
symplectic leaf.
Proof. This will follow from Theorem 3.3, while the statement for the symplectic leaves
will follow from Theorem 3.2. 
Remark 1.7. As in Section 1.4, one may also sew domains together to obtain Poisson
structures on the moduli spaces of branched surfaces. The general reduction statement is
Theorem 3.3.
Example 1.11 (Double Poisson Lie group [30]). Suppose that g = e⊕ f as a vector space,
where e, f ⊆ g are Lagrangian Lie subalgebras, and that e, f ⊆ g integrate to Lie subgroups
E,F ⊆ G such that E ∩ F = 1. Let Σ be a disk with two marked points labelled as in
Fig. 15. We colour the edges with the full group G,
Se1 = G, Se2 = G,
and the vertices as
lv1 = e⊕ f, lv2 = f⊕ e.
Therefore,
µ−1(S) =MP2 = {(g1, g2) ∈ G×G | g1g2 = 1}.
Meanwhile the residual gauge transformations,⊕
v∈VΓ
lv ∩ g∆ = 0
(since e∩ f = 0). Thus we may identify the moduli spaceMred ∼= G, via the map (g1, g2)→
g1.
e f
e1
v1
v2
e2 G G
e f
g1 g2
Figure 15. The double Poisson Lie group. The holonomies gi ∈ G satisfy
g1g2 = 1.
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e f
E G
e f
e ge1
v1
v2
e2
Figure 16. The Poisson Lie group. The holonomies g ∈ G and e ∈ E
satisfy eg = 1.
Next, we compute the bivector field, pi = piP2 + ρv1(τv1) + ρv2(τv2). Now, as explained in
Example 1.10, piP2 = 0 so only the term
∑
i ρvi(τvi) contributes. Now,
τv1 =
1
2
∑
i
(ζi, ζi) ∧ (ηi, ηi), τv2 =
1
2
∑
i
(ηi, ηi) ∧ (ζi, ζi),
where {ηi} ⊂ e and {ζi} ⊂ f are basis in duality. Therefore,
pi =
1
2
∑
i
(ζi)L ∧ (ηi)L + (ηi)R ∧ (ζi)R.
In fact, pi defines the Poisson Lie group structure on G corresponding the double Lie
bialgebra structure on g resulting from the Manin triple (g, e, f) [30, 32]. The symplectic
leaves are computed as the restriction of the l-orbits, which in this case can be seen to
correspond to the orbits of the dressing action on G.5
Remark 1.8. In the case where g is a quasi-triangular Lie-bialgebra, the double Poisson
Lie group was constructed as a moduli space of graph connections in the work of Fock and
Rosly [20].
Example 1.12 (Poisson Lie group [30]). Suppose the Lie groups G,E, F and their Lie
algebras are as in Example 1.11, and let Σ be a disk with two marked points, as in Fig. 16.
We colour the vertices as in Example 1.11, but we colour the edges as
Se1 = E, Se2 = G.
Therefore,
µ−1(S) = {(e, g) ∈ E ×G | eg = 1},
while the residual gauge transformations are trivial, as before. Thus we may identify the
moduli space Mred ∼= E, via the map (e, g)→ e.
The bivector field, pi, on E is computed to be the restriction of the bivector field
1
2
∑
i
(ζi)L ∧ (ηi)L + (ηi)R ∧ (ζi)R.
5In fact computing the symplectic leaves via Theorem 1.4 is precisely the computation found in [27].
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e h
E G
e f
e ge1
v1
v2
e2
Figure 17. The Poisson homogeneous space corresponding to the La-
grangian Lie subalgebra h ⊆ g. The holonomies g ∈ G and e ∈ E satisfy
eg = 1.
on G to E ⊆ G. Thus, pi defines the Poisson Lie group structure on E corresponding
the Manin triple (g, e, f) [30, 32]. As before, the symplectic leaves are computed as the
restriction of the l-orbits. Once again, they are precisely the orbits of the dressing action
on E.
Example 1.13 (Poisson homogenous spaces). Suppose the Lie groups G,E, F and their
Lie algebras are as in Example 1.11, and let Σ be a disk with two marked points, as in
Fig. 17. Suppose further that h ⊆ g is a Lagrangian subalgebra such that k := h ∩ e
integrates to a closed Lie subgroup K ⊆ E. We colour the edges as in Example 1.12, but
we colour the vertices as
lv1 = e⊕ h, lv2 = f⊕ e.
Therefore,
µ−1(S) = {(e, g) ∈ E ×G | eg = 1},
while the residual gauge transformations are G×K acting as
(g, k) : (e, g)→ (ek−1, kg).
We may identify the moduli space Mred ∼= E/K, via the map (e, g) → [e]. The Poisson
structure on Mred is the Poisson homogenous structure corresponding to the Lagrangian
Lie subalgebra h ⊆ g in Drinfel’d’s classification [19]. We leave it to the reader to compute
the bivector field and symplectic leaves on E/K via Theorem 1.4.
Example 1.14 (Affine Poisson structure on G [32]). Generalizing the setup found in Ex-
ample 1.11, we suppose that h ⊆ g is a Lagrangian subalgebra which is also complementary
(as a vector space) to e ⊆ g. As in Example 1.11, we colour the edges with the full group
G, but the vertices as
lv1 = e⊕ h, lv2 = f⊕ e,
(cf. Fig. 18). As before, we have µ−1(S) =MP2 , and the residual gauge transformations
are trivial. Thus, we may identify the moduli space Mred ∼= G, via the map (g1, g2)→ g1.
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v2
e2 G G
e f
g1 g2
Figure 18. The affine Poisson structure on G. The holonomies gi ∈ G
satisfy g1g2 = 1.
Meanwhile the bivector field, pi, is
pi =
1
2
∑
i
(ζif )
L ∧ (ηi)L + (ηi)R ∧ (ζih)R,
where the bases {ζif} ⊆ f and {ζih} ⊆ h are both dual to {ηi} ⊆ g. In fact, pi defines the
affine Poisson structure on G corresponding to the Manin triples (g, e, f) and (g, e, h) (as
described by Lu [32]). The symplectic leaves are computed as the restriction of the l-orbits.
Example 1.15 (Lu Yakimov Poisson homogenous spaces [30]). Suppose the Lie groups
G,E, F and their Lie algebras are as in Example 1.11, and that C ⊆ G is a closed Lie
subgroup whose Lie algebra c ⊆ g is coisotropic. Let Σ be a disk with two marked points
and edges and vertices labelled as in Fig. 19. We colour the edges with the full group G,
Se1 = G, Se2 = G,
and the vertices as
lv1 = lc = {(ξ, ξ′) ∈ c⊕ c | ξ − ξ′ ∈ c⊥}, lv2 = f⊕ e
(cf. Fig. 19). Therefore,
µ−1(S) =MP2 = {(g1, g2) ∈ G×G | g1g2 = 1}.
Meanwhile the residual gauge transformations,⊕
v∈VΓ
lv ∩ g∆ = cv0 ,
where cv0 = {(ξ, ξ) ∈ c ⊕ c} ⊆ lv0 . Thus, up to a gauge transformation, (g1, g2) ∼
(g1c
−1, cg2) (for any c ∈ C), and we may identify the moduli space Mred ∼= G/C, via
the map (g1, g2)→ [g1].
The bivector field, pi, on G/C can be computed to be the projection of the bivector field
1
2
∑
i
(ηi)
R ∧ (ζi)R.
on G to G/C. Thus, pi defines the Lu-Yakimov Poisson structure on G/C corresponding
the Manin triple (g, e, f) [30,34].
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Figure 19. Lu-Yakimov Poisson homogenous spaces. The holonomies gi ∈
G satisfy g1g2 = 1.
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Figure 20. The dual Poisson Lie group, H. The holonomies h1, d2 ∈
D = G×G along the edges e1 and e2 (respectively) satisfy h1d2 = 1, with
h1 ∈ H; while the holonomies g3, g4 ∈ G along the edges e3 and e4 satisfy
(g−13 , g4) ∈ H
Example 1.16 (Quasi-Triangular Poisson Lie groups [7–12]). As in Example 1.9, suppose
that (d; g∆, h) is the Manin triple corresponding to a (non-degenerate) quasi-triangular
Lie-bialgebra where g∆ ⊂ g ⊕ g¯ = d is the diagonal, and h ⊂ g ⊕ g¯ is a complementary
Lagrangian subalgebra. As before we may view h as either a Lagrangian subalgebra of d,
or a Lagrangian relation from g to itself. We let G and H ⊂ G×G = D denote the simply
connected (resp. connected) Lie groups corresponding to g, h and d.
We may construct the Lie-Poisson structure on H by identifying it with a moduli space
H ∼= M, as in Example 1.12. More specifically let Σ be a disk with two marked points,
with edges and vertices labelled as in Fig. 20. As pictured in Fig. 20, we color the edges as
Se1 = H, Se2 = D,
and the vertices as
lv1 = h⊕ g∆, lv2 = g∆ ⊕ h.
Therefore,
µ−1(S) = {(h1, d2) ∈ H ×D | h1d2 = 1}.
Meanwhile the residual gauge transformations are trivial (since h and g∆ are complements).
Thus we may identify the moduli space M∼= H, via the map (h1, d2)→ h1.
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As in Example 1.9, since d = g⊕g¯, we may also viewM as a moduli space of g connections
on two stacked copies of Σ, where their left edges are sewn using the Lagrangian relation
h ⊆ g⊕g¯, while their top and bottom right half-edges are sewn using the relation g∆ ⊆ g⊕g¯.
In the same fashion as one opens a pita-pocket, we may imagine pulling the two copies of
Σ apart starting from the middle of their right edges (leaving the left edges incident to
each other), in which case the resulting quilted surface is pictured in the middle of Fig. 20.
Since g∆ ⊆ g⊕ g¯ is just the graph of the identity map, a g∆-coloured domain wall relates
the (identical) structure groups in the incident domains by identifying them. Effectively,
a g∆-coloured domain wall can be erased. Thus M may be viewed as a moduli space
of g-connections on the annulus, Σ′, where the inner boundary has been broken into two
segments which are then sewn together using the Lagrangian relation h ⊆ g⊕ g¯.
More explicitly, the inner boundary of the annulus Σ′ has two marked points, v3 and v4,
dividing it into two segments e3 and e4, while the outer boundary has no marked points.
As pictured in the right two quilted surfaces of Fig. 20, we colour the edges as
S = Se3 × Se4 = {(g3, g4) ∈ G×G | (g−13 , g4) ∈ H} ∼= H
and the vertices as
lv3 = h
−1 ⊆ g⊕ g¯, lv4 = h ⊆ g⊕ g¯,
where h−1 = {(ξ, η) ∈ g⊕ g¯ | (η, ξ) ∈ h} (the inverse refers to the pair-groupoid structure).
Since µ is a diffeomorphism, µ−1(S) ∼= S ∼= H. The residual gauge transformations are
trivial, since h and g∆ are complements. As before, we may identify the moduli space
M∼= H.
That is to say, the (dual) Poisson Lie group H ∼=M is naturally a moduli space of flat g-
connections over the disk containing a (contractible) h-coloured domain wall. Thus, in this
(quasi-triangular) case, the Poisson Lie group H can be identified with a certain moduli
space of flat g-connections on the disk. This fact was first observed by Fock and Rosly [20]
(in terms of graph connections) and Boalch [7–12] (in the case where g is reductive and
endowed with the standard quasi-triangular Lie-bialgebra structure). Moreover, Boalch’s
perspective shows that placing this contractible domain wall on the disk has the much
deeper interpretation of prescribing a certain irregular singularity for the connection.
Remark 1.9. In fact, Boalch [10–12] also provides an interpretation of this h-coloured
domain wall in terms of quasi-Hamiltonian geometry (in the case where g is reductive and
endowed with the standard quasi-triangular Lie-bialgebra structure). Indeed, in this case,
a neighborhood of the domain wall may be identified with the quilted surface described
in Example 1.6 (for r = 1), for which the corresponding moduli space is Boalch’s fission
space.
2. Background
2.1. Courant algebroids. Courant algebroids and Dirac structures are the basic tools in
the theory of generalized moment maps.
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Definition 2.1 ( [31]). A Courant algebroid is a vector bundle E → M endowed with a
non-degenerate symmetric bilinear form 〈·, ·〉 on the fibres, a bundle map a : E → TM
called the anchor and a bracket [[·, ·]] : Γ(E) × Γ(E) → Γ(E) called the Courant bracket
satisfying the following axioms for sections e1, e2, e3 ∈ Γ(E) and functions f ∈ C∞(M):
c1) [[e1, [[e2, e3]]]] = [[[[e1, e2]], e3]] + [[e2, [[e1, e3]]]],
c2) a(e1)〈e2, e3〉 = 〈[[e1, e2]], e3〉+ 〈e2, [[e1, e3]]〉,
c3) [[e1, e2]] + [[e2, e1]] = a
∗d〈e1, e2〉.
Here a∗ : T ∗M → E∗ ∼= E is the map dual to the anchor.
A subbundle E ⊆ E|S along a submanifold S ⊆ M is called a Dirac structure with
support on S if
e1|S , e2|S ∈ Γ(E)⇒ [[e1, e2]]|S ∈ Γ(E),
(it is involutive) and E⊥ = E (it is Lagrangian). If S = M , then E is simply called a Dirac
structure.
Remark 2.1. As shown in [35, 43], one may also derive the following useful identities from
the Courant axioms:
c4) [[e1, fe2]] = f [[e1, e2]] + (a(e1)f)e2
c5) [[fe1, e2]] = f [[e1, e2]]− (a(e2)f)e1 + 〈e1, e2〉a∗df
c6) a[[e1, e2]] = [a(e1),a(e2)]
For any Courant algebroid E, we denote by E the Courant algebroid with the same
bracket and anchor, but with the metric negated.6
Example 2.1. A Courant algebroid over a point is a quadratic Lie algebra. Dirac struc-
tures are Lagrangian Lie subalgebras.
Example 2.2 (Standard Courant algebroid [15,16]). The vector bundle TM := TM⊕T ∗M
is a Courant algebroid with metric
〈v1 + µ1, v2 + µ2〉 = µ1(v2) + µ2(v1), v1, v2 ∈ TM, µ1, µ2 ∈ T ∗M
and bracket
[[X + α, Y + β]] = [X,Y ] + LXβ − ιY dα, X, Y ∈ X(M), α, β ∈ Ω1(M).
The standard Courant algebroid is an example of an important class of Courant alge-
broids called exact Courant algebroids.
Definition 2.2 (Exact Courant algebroids [37,41]). A Courant algebroid E→M is called
exact if the sequence
(2.1) 0→ T ∗M a∗−→ E a−→ TM → 0
is exact.
If a Dirac structure E ⊆ E is supported on S ⊆M , then a(E) ⊆ TS, and a∗(ann(TS)) ⊆
E.
6Note that this also negates the map a∗ : T ∗M → E∗ ∼= E, so axiom c3) still holds.
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Definition 2.3 (Exact Dirac structures). Suppose E → M is a Courant algebroid (not
necessarily exact), and E ⊆ E is a Dirac structure with support on S ⊆ M . We say that
E is an exact Dirac structure if the sequence
(2.2) 0→ ann(TS) a∗−→ E a−→ TS → 0
is exact.
Lemma 2.1. Suppose E → M is a Courant algebroid, and E ⊆ E is a Dirac structure
with support on S ⊆M . Then the following two statements are equivalent:
(1) E is an exact Dirac structure.
(2) The Courant algebroid E is exact along S (that is, the sequence Eq. (2.1) is exact
at every x ∈ S), and a : E → TS is surjective.
Proof. Let x ∈ S, and consider the commutative diagram
0 ann(TxS) Ex TxS 0
0 T ∗xM Ex TxM 0
0 T ∗xM/ann(TxS) E∗x TxM/TxS 0
a∗ a
a∗ a
a∗ a
Note that the vertical sequences are exact.
Suppose that E is an exact Dirac structure. Then the top horizontal sequence is exact,
by assumption. The lower horizontal sequence is dual to the top sequence, and hence also
exact. The five lemma then implies that all terms in the long exact sequence vanish. In
particular, the central horizontal sequence is exact.
Conversely, suppose that the Courant algebroid E is exact along S and a : Ex → TxS
is surjective (and hence T ∗xM/ann(TxS) → E∗x is injective). Once again, the five lemma
implies that all terms in the long exact sequence vanish. We conclude that E is an exact
Dirac structure. 
Example 2.3 (Action Courant algebroids [27]). Suppose d is a Lie algebra equipped with
an invariant metric. Given a Lie algebra action ρ : d → X(M) on a manifold M , let
E = d×M with anchor map a(ξ,m) = ρ(ξ)m, and with the bundle metric coming from the
metric on d. As shown in [27], the Lie bracket on constant sections d ⊆ C∞(M, d) = Γ(E)
extends to a Courant bracket if and only if the stabilizers dm ⊆ d are coisotropic, i.e. dm ⊇
d⊥m. Explicitly, for ξ1, ξ2 ∈ Γ(E) = C∞(M, d) the Courant bracket reads (see [27, § 4])
(2.3) [[ξ1, ξ2]] = [ξ1, ξ2] + Lρ(ξ1)ξ2 − Lρ(ξ2)ξ1 + ρ∗〈dξ1, ξ2〉.
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Here ρ∗ : T ∗M → d ×M is the dual map to the action map ρ : d ×M → TM , using the
metric to identify d∗ ∼= d. We refer to d ×M with bracket (2.3) as an action Courant
algebroid.
Example 2.4 (Cartan Courant algebroid [41]). Suppose g is a Lie group endowed with an
invariant metric, 〈·, ·〉. We let g denote the Lie algebra g with the metric negated, −〈·, ·〉.
Suppose G is a Lie group with Lie algebra g and which preserves the metric. The Lie
algebra g⊕ g acts on G by ρ : (g⊕ g)×G→ TG,
ρ(ξ, η) = −ξR + ηL, ξ, η ∈ g,
where ξL, ξR ∈ X(G) denotes the left/right-invariant vector field on G which is equal to
ξ ∈ g at the identity element.
The stabilizer at the identity element is the diagonal subalgebra, g∆ ⊆ g ⊕ g which is
Lagrangian. Now ρ is equivariant with respect to the G-action on (g⊕ g)×G given by
g′ : (ξ, η; g)→ (Adg′ξ, η, g′ · g), g′ ∈ G, (ξ, η; g) ∈ (g⊕ g)×G,
and the left action of G on TG. Since this action is transitive on the base of the vector
bundles and G preserves the metric on g, it follows that all stabilizers are Lagrangian.
Thus (g⊕ g)×G is an action Courant algebroid, called the Cartan Courant algebroid.
The diagonal subalgebra g∆ ⊆ (g⊕ g) defines a Dirac structure
g∆ ×G ⊆ (g⊕ g)×G
called the Cartan Dirac structure.
Remark 2.2. The Cartan Courant algebroid was first introduced in [41], and later simplified
to the above description in [1]. The Cartan Dirac structure was discovered independently
by Alekseev, Sˇevera and Strobl [3, 26,41]. The description given above was found in [1]
The Dirac structure of central focus in this paper is the following generalization of the
Cartan Dirac structure.
Example 2.5 (Γ-twisted Cartan-Dirac structure). Suppose Γ is a permutation graph, with
edge set EΓ, vertex set VΓ, and (bijective) incidence maps
in, out : EΓ → VΓ.
The diagonal subalgebra gVΓ∆ ⊆ (g⊕ g)VΓ is Lagrangian, and hence so is its image
gΓ := (in⊕ out)!
(
gVΓ∆
) ⊆ (g⊕ g)EΓ
under the isomorphism (in⊕ out)! : (g⊕ g)VΓ → (g⊕ g)EΓ .
Thus
gΓ ×GEΓ ⊆
(
(g⊕ g)×G)EΓ
is a Dirac structure, called the Γ-twisted Cartan Dirac structure.
The following picture can be helpful. We associate a copy of the Courant algebroid
(g ⊕ g) × G to each edge, as in Fig. 21a. The Dirac structure gΓ acts diagonally at each
vertex, as pictured in Fig. 21b.
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g 	 G  gg 	 G 
g
ee′ v
(a) The Γ-twisted Cartan Courant alge-
broid. Here in(e) = v = out(v′), where
v ∈ VΓ is the vertex and e, e′ ∈ EΓ are edges.
ξv 	 G · · ·· · ·G  ξv
e′ ev
(b) The element ξ(·) ∈ gVΓ∆ ∼= gΓ of the Γ-
twisted Cartan Dirac structure acts diago-
nally by ξv at the vertex v.
Figure 21
Remark 2.3. Γ-twisted Cartan-Dirac structures were discovered independently by Alejan-
dro Cabrera, who provides their construction in terms of Dirac reduction of the Lie-Poisson
structure on the dual of the loop Lie algebra, Ω1(S1, g).
Remark 2.4. The following was explained to the authors by Eckhard Meinrenken. Suppose
σΓ : VΓ → VΓ is the permutation induced by Γ (by the discrete flow along the edges of Γ),
and consider the group Gbig := G
VΓ o Z,
(g, i) · (g′, i′) = (g(σiΓ)!(g′), i+ i′),
where
(
(σiΓ)
!(g′)
)
v
= (g′)σiΓ(v) for any v ∈ VΓ. Consider the embedding of manifolds(
(in−1)!,−1) : GEΓ → GVΓ o Z = Gbig.
The Lie algebra of Gbig is g
VΓ , and for every ξ ∈ gVΓ , the left and right invariant vector fields
ξL, ξR ∈ X(Gbig) restrict to the e ∈ EΓ’th factor of
(
(in−1)!,−1)(GEΓ) as ξRin(e) and ξLout(e),
(respectively). Thus, the Γ-twisted Cartan-Dirac structure on GEΓ may be canonically
identified with the restriction of the Cartan-Dirac structure on Gbig to
(
(in−1)!,−1)(GEΓ).
2.2. Courant relations and morphisms of Manin pairs.
2.2.1. Relations. A smooth relation S : M1 99K M2 between manifolds is an immersed
submanifold S ⊆ M2 ×M1. We will write m1 ∼S m2 if (m2,m1) ∈ S. Given smooth
relations S : M1 99K M2 and S′ : M2 99K M3, the set-theoretic composition S′ ◦ S is the
image of
(2.4) S′  S = (S′ × S) ∩ (M3 × (M2)∆ ×M1)
under projection to M3 ×M1, where (M2)∆ ⊆M2 ×M2 denotes the diagonal.
We say that the two relations compose cleanly if (2.4) is a clean intersection in the sense
of Bott (i.e. it is smooth, and the intersection of the tangent bundles is the tangent bundle
of the intersection), and the map from S′  S to M2 ×M1 has constant rank. In this case,
the composition S′ ◦ S : M1 99K M3 is a well-defined smooth relation. See [28, Appendix
A] for more information on the composition of smooth relations. For background on clean
intersections of manifolds, see e.g. [22, page 490].
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For any relation S : M1 99KM2, we let S> : M2 99KM1 denote the transpose relation,
S> = {(m1,m2) ∈M1 ×M2 | (m2,m1) ∈ S}.
2.2.2. Courant relations. As popularized by the second author [37, 39], Dirac structures
can be interpreted as the ‘canonical relations’ between Courant algebroids:
Definition 2.4 (Courant relations and morphisms [5, 14, 39]). Suppose E1 → M1 and
E2 →M2 are two Courant algebroids. A relation
R : E1 99K E2
is called a Courant relation if R ⊆ E2×E1 is a Dirac structure supported on a submanifold
S ⊆M2×M1. A Courant relation is called exact if the underlying Dirac structure is exact.
When S = gr(µ) is the graph of a smooth map µ : M1 → M2, R is called a Courant
morphism.
We define the range ran(R) ⊆ E2|S and the kernel ker(R) ⊆ E2|S of R by
ran(R) := {e ∈ E2|S | e′ ∼R e for some e′ ∈ E1}
ker(R) := {e ∈ E1|S | e ∼R 0}.
As an example, any Dirac structure E ⊆ E defines a Courant morphism
E : E 99K ∗
to the trivial Courant algebroid (or a Courant relation from the trivial Courant algebroid).
Similarly, the diagonal E∆ ⊆ E× E defines the Courant morphism
E∆ : E 99K E
corresponding to the identity map.
The key property of Courant relations is the ability to compose them:
Proposition 2.1 ([28, Proposition 1.4]). Suppose R : E1 99K E2 and R′ : E2 99K E3 are
two Courant relations which compose cleanly, then their composition,
R′ ◦R : E1 99K E3,
is a Courant relation.
Example 2.6 (Standard lift). Suppose S : M1 → M2 is a relation, then the standard lift
of S,
RS := TS ⊕ ann(TS) ⊆ TM2 × TM1,
defines a Courant relation
RS : TM1 99K TM2.
Example 2.7 (Coisotropic subalgebras). Suppose d is a Lie algebra equipped with an
invariant metric. A subalgebra c ⊆ d is said to be coisotropic if c⊥ ⊆ c. In this case, c⊥ ⊆ c
is an ideal, and the metric on d descends to define a metric on
dc := c/c
⊥.
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The natural relation
Rc : d 99K dc, ξ ∼Rc ξ + c⊥ for ξ ∈ c,
is a Courant relation, where (ξ + c⊥) ∈ c/c⊥ denotes the equivalence class of ξ ∈ c.
For any Lagrangian subalgebra h ⊆ d, Proposition 2.1 implies that
hc := Rc ◦ h = (h ∩ c)/(h ∩ c⊥)
is a Lagrangian subalgebra of dc.
2.2.3. Morphisms of Manin pairs. A pair (E, E) consisting of a Courant algebroid, E,
together with a Dirac structure E ⊆ E is known as a Manin pair [2, 14].
Definition 2.5 ([14]). Suppose E1 → M1 and E2 → M2 are two Courant algebroids. A
Courant morphism
R : E1 99K E2,
supported on the graph of a map µ : M1 →M2, defines a morphism of Manin pairs,
(2.5) R : (E1, E1) 99K (E2, E2)
if
m1) R ◦ E1 ⊆ E2, and
m2) ker(R) ∩ E1 = 0
Here ker(R) := (0× E1) ∩R.
The morphism of Manin pairs, (2.5), is said to be exact if the underlying Dirac structure
is exact.
Suppose
(2.6) R′ : (E2, E2) 99K (E3, E3)
is a second morphism of Manin pairs. Conditions (m1) and (m2) imply that the composition
of relations R′ ◦R is clean. Moreover, the composition defines a morphism of Manin pairs
(2.7) R′ ◦R : (E1, E1) 99K (E3, E3),
(cf. [14]).
Remark 2.5. In [29], a morphism of Manin pairs, (2.5) was said to be full if the map
a|R : R→ Tgr(µ)
was a surjection. The concept of exact morphisms of Manin pairs is a stronger, but more
natural, condition.
If (2.5) is a morphism of Manin pairs, then there exists map ρR : µ
∗E2 → E1 uniquely
determined by the condition
(2.8) ρR(e) ∼R e, e ∈ E2.
The induced map of section ρR : Γ(E2)→ Γ(E1) is a morphism of Lie algebras. Thus (2.5)
defines an action of E2 on M1 which factors through the action of E1.
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2.3. Quasi-Hamiltonian manifolds. If (E, E) is a Manin pair, a quasi-Hamiltonian
(E, E)-manifold in the sense of [14] is a manifold M together with a morphism of Manin
pairs
(TM,TM) 99K (E, E).
We shall say that the quasi-Hamiltonian space is exact (or quasi-symplectic) if the mor-
phism of Manin pairs is exact. To simplify notation (when M is a complicated expression),
we will often denote the Manin pair on the left as (TM,TM) = (T, T )M .
Example 2.8 (Poisson and symplectic structures). Let 0 denote the trivial Courant alge-
broid over a point. Consider a morphism of Manin pairs
(2.9) R : (T, T )M 99K (0, 0).
In this case, R ⊆ TM is just a Dirac structure with support on all of M . Condition (m1)
is vacuous, while condition (m2) is equivalent to R ∩ TM = 0. As explained in [15, 16], it
follows that
R = gr(pi]) := {(pi(α, ·) + α) | α ∈ Ω1(M)} ⊆ TM
is the graph of a Poisson bivector field pi ∈ X2(M). In this way, there is a one-to-one
correspondence between morphisms of Manin pairs of the form (2.9) and Poisson structures
on M [14].
Equation (2.9) is an exact morphism of Manin pairs if a|R : gr(pi])→ TM is a surjection.
Equivalently,
pi] : T ∗M → TM
is an isomorphism, or the Poisson structure on M is symplectic. In this way, there is a
one-to-one correspondence between exact morphisms of Manin pairs of the form (2.9) and
symplectic structures on M [29].
The Poisson and symplectic structures that appear in this paper will all arise in this
way.
Example 2.9 (E-invariant submanifolds). Let (E, E) be a Manin pair over a manifold N ,
and suppose M ⊆ N is an E-invariant submanifold, i.e. a(E|M ) ⊆ TM. Then
a∗|M : T ∗N |M → E
descends to a map
a∗|M : T ∗M ∼= T ∗N/ann(TM)→ E.
As in [28, Example 1.6], define the Courant relation RE,M : TM 99K E by
a(e) + i∗α ∼RE,M e+ a∗α, e ∈ E, α ∈ T ∗N,
where i : M → N denotes the inclusion. Then
(2.10) RE,M : (T, T )M 99K (E, E)
is a morphism of Manin pairs.
Moreover, (2.10) is an exact morphism of Manin pairs if and only if a(E|M ) = TM and
the Courant algebroid E→ N is exact along M .
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Remark 2.6. In fact, Eq. (2.10) is the unique morphism of Manin pairs supported on gr(i).
To see why, suppose
R : (T, T )M 99K (E, E)
is such a morphism of Manin pairs. Since R is supported on gr(i), we must have
i∗α ∼R a∗α,
for any α ∈ T ∗N . On the other hand, as explained in [14, Proposition 3.3], for any e ∈ E|M
there exists a unique X ∈ TM such that
X ∼R e.
Since R is supported on gr(i), we have i∗X = a(e), or X = a(e). Thus R = RE,M .
3. Quasi-Hamiltonian reduction
3.1. Reduction theorems. Let d be a quadratic Lie algebra acting on a manifold N so
that all the stabilizers are coisotropic, and let h ⊂ d be a Lagrangian Lie subalgebra. We
shall consider the following special case of general quasi-Hamiltonian (E, E)-manifolds.
Definition 3.1. A quasi-Hamiltonian (d, h)×N -manifold is a manifold M together with
a morphism of Manin pairs
(T, T )M 99K (d, h)×N.
It is exact (or quasi-symplectic) if the morphism is exact.
Example 3.1. If d = 0 and N is a point then (as we saw in Example 2.8) a quasi-
Hamiltonian structure is the same as a Poisson or (in the exact case) symplectic structure.
More generally, a quasi-Hamiltonian (0, 0)×N -structure on M is equivalent to a Poisson
structure on M and to a map µ : M → N such that µ∗(C∞(N)) ⊂ C∞(M) is in the
Poisson centre.
If g is a quadratic Lie algebra then an exact quasi-Hamiltonian (g⊕ g¯, g∆)×G-structure
on M is equivalent to a quasi-Hamiltonian G-structure in the sense of Alekseev, Malkin
and Meinrenken. If h is a Lie algebra then a quasi-Hamiltonian (h n h∗) × h∗-structure
on M is equivalent to a Poisson structure on M together with a moment map M → h∗
generating an action of h. In the exact case the Poisson structure is symplectic.
In this subsection we present a reduction procedure, which will be the main tool used
in our study of the moduli spaces of flat connections.
Definition 3.2. Let M be a quasi-Hamiltonian (d, h)×N -manifold. Reductive data (c, S)
consists of a coisotropic Lie subalgebra c ⊆ d together with a c-invariant submanifold
S ⊆ N such that
r1) the c⊥-orbits in S form a regular foliation7 with quotient qN : S → Nc,S ,
7By a regular foliation, we mean that the leaf space carries the structure of a smooth manifold for which
the quotient map is a surjective submersion.
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r2) the graph gr(µ), where µ is the underlying map M → N , intersects S ×M cleanly,
and the h∩c⊥-orbits in µ−1(S) form a regular foliation with quotient qM : µ−1(S)→
Nc,S .
Theorem 3.1 (Quasi-Hamiltonian reduction). Suppose (c, S) is reductive data for a mor-
phism of Manin pairs
(3.1) R : (T, T )M 99K (d, h)×N.
Then
(3.2) Rc,S : (T, T )Mc,S 99K (dc, hc)×Nc,S
is a morphism of Manin pairs, where
Mc,S = µ
−1(S)/h ∩ c⊥
Rc,S := R2 ◦R ◦R>1 ,
R2 := Rc × (gr(qN ) ◦ gr(iN )>),
R1 := RqM ◦R>iM ,
iN : S → N and iM : µ−1(S) → M are the canonical inclusions, and Rc : d 99K dc and hc
are as in Example 2.7.
The first two statements in Theorem 1.1 follow as consequences of Theorem 3.1.
Theorem 3.2 (Quasi-Hamiltonian reduction in the exact case). If, in the setup of Theo-
rem 3.1, the following additional assumptions hold:
• c acts transitively on S,
• (3.1) is an exact morphism of Manin pairs,
then
• (3.2) is an exact morphism of Manin pairs.
The third statement in Theorem 1.1 follows as a consequence of Theorem 3.2.
We delay the proof of both these theorems to Appendix A.
Notice that if c ⊂ d is Lagrangian then the reduced manifold is Poisson or (in the exact
case) symplectic, as dc = 0.
3.2. Bivector fields and quasi-Poisson structures. In this section we shall explain
Theorem 3.1 in more traditional terms, using bivector fields.
Suppose that
R : (T, T )M 99K (d, h)×N
is a morphism of Manin pairs over µ : M → N , and the subspace k ⊆ d is a Lagrangian
complement to h ⊆ d: that is, d = h⊕ k. Then axiom (m1) of Definition 2.5 implies that R
composes transversely with k, while property (m2) implies that k◦R ⊆ TM is a Lagrangian
complement to TM . Thus there exists a unique bivector field pik ∈ X2(M) such that
k ◦R = gr(pi]) := {(pik(α, ·) + α) | α ∈ T ∗M}.
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The triple (d, h; k) is called a quasi-Manin triple, and (M,pik, ρR) is called a Hamiltonian
quasi-Poisson (d, h; k)-space with moment map µ : M → N (cf. [14,23]). The bivector field
pik is called a quasi-Poisson structure.
Suppose that (c, S) is reductive data for the morphism of Manin pairs R. We want to
reinterpret Theorem 3.1 using the language of quasi-Poisson geometry. Thus we will be
interested in Lagrangian complements to the reduced Lie algebra hc.
Lemma 3.1. Each Lagrangian complement k′c ⊆ dc to hc defines an element
τ ∈ ∧2(h/(h ∩ c⊥)).
Proof. Suppose k′c ⊆ dc := c/c⊥ is a Lagrangian complement to hc. Let Rc : d 99K dc be the
relation described in Example 2.7, and define k′ := k′c ◦ Rc ⊆ c. Now k′ can be seen as the
graph
k′ = {(ξ + τ ](ξ) + η) | ξ ∈ k, 〈ξ, ·〉|h∩k′ = 0, and η ∈ h ∩ k′}
of a map
τ ] : ann(h ∩ k′) ∼= (h/(h ∩ k′))∗ → h/(h ∩ k′),
where ann(h ∩ k′) := (h ∩ k′)⊥ ∩ k. Let τ ∈ h/(h ∩ k′)⊗ h/(h ∩ k′) be the element defined by
τ ](ξ) = τ(ξ, ·), then the fact that k′ is Lagrangian forces τ to be skew-symmetric. Finally,
since k′c+hc = c/c⊥ we have h+k′ = h+c. Hence h∩k′ = h∩c⊥. Thus τ ∈ ∧2
(
h/(h∩c⊥)). 
Theorem 3.3. Suppose that (c, S) is reductive data for the morphism of Manin pairs
(3.3) R : (T, T )M 99K (d, h)×N,
and (M,pik, ρR) is the Hamiltonian quasi-Poisson (d, h; k)-space corresponding to the La-
grangian complement k ⊆ d to h. Let
Rc,S : (T, T )Mc,S 99K (dc, hc)×Nc,S
denote the reduced morphism of Manin pairs described in Theorem 3.1, and let (Mc,S , pik′c , ρRc,S )
be the Hamiltonian (dc, hc; k
′
c)-quasi Poisson manifold corresponding to a chosen Lagrangian
complement k′c to hc.
As in Lemma 3.1, let τ ∈ ∧2(h/(h ∩ c⊥)) be the element corresponding to k′c. Then
(pik + ρR(τ))|µ−1(S)
is an h ∩ c⊥-invariant section of ∧2(T (µ−1(S))/ρR(h ∩ c⊥)) which is mapped to pik′c under
the surjective submersion µ−1(S)→Mc,S.
Proof. Let Rc : d 99K dc be the relation described in Example 2.7. Let µ : M → N denote
the map supporting R, and let
RiM : Tµ
−1(S) 99K TM, RqM : Tµ−1(S) 99K TMc,S
denote the standard lifts of the inclusion and projection, respectively. Then
gr(pi]
k′c
) = k′c ◦Rc ◦R ◦RiM ◦R>qM .
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Now, as explained in Lemma 3.1,
(3.4a) k′c ◦Rc = k′ := {(ξ + τ ](ξ) + η) | ξ ∈ k, 〈ξ, ·〉|h∩c⊥ = 0, and η ∈ h ∩ c⊥}.
Meanwhile, since gr(pi]k) = k ◦R, it follows that
(3.4b) X + α ∼R ξ + η, ξ ∈ k, η ∈ h⇔ X = ρR(η) + pi]kα, and ξ = j ◦ ρ∗Rα,
where j : h∗ → k inverts the isomorphism k→ d/h ∼= h∗.
Using Eqs. 3.4 we compute
k′c ◦Rc ◦R =
{(
ρR(η) + (pik + ρ(τ)
)]
(α) + α
)|η ∈ h ∩ c⊥ and α ∈ ann(ρR(h ∩ c⊥))}.
This shows that pik + ρ(τ) is h ∩ c⊥-invariant. Moreover, k′c ◦ Rc ⊆ c and thus elements of
k′c ◦Rc act to preserve S. In turn, this implies that
(pik + ρ(τ))|µ−1(S) ∈ Γ
(
∧2 (TM |µ−1(S)/ρR(h ∩ c⊥)))
is in fact a section of ∧2(Tµ−1(S)/ρR(h ∩ c⊥)).
Now, gr(pi]
k′c
) = k′c ◦Rc ◦R ◦RiM ◦R>qM , i.e.
(qM )∗
(
pik + ρ(τ)
)|µ−1(S) = pik′c .

3.3. Exact morphisms of Manin pairs and 2-forms. In this section, we will examine
exact morphisms of Manin pairs in more detail. We recall from [14,29] that once isotropic
splittings are chosen, these are uniquely determined by a map between the underlying
spaces, and a 2-form on the domain. This description in terms of 2-forms can be useful for
simplifying calculations.
Suppose E is an exact Courant algebroid over N . That is, the sequence
(3.5) 0→ T ∗N a∗−→ E a−→ TN → 0
is exact. Let s : TN → E be a splitting of Eq. (3.5) such that s(TN) ⊆ E is isotropic (such
splittings are called isotropic splittings). Then, as explained in [41], the formula
ιXιY ιZγ := 〈[[s(X), s(Y )]], s(Z)〉, X, Y, Z ∈ X(N)
defines a closed 3-form, γ ∈ Ω3(N), called the curvature 3-form of the splitting s. The
isomorphism s⊕ a∗ : TN ⊕ T ∗N ∼=−→ E identifies the metric on E with
〈X + α, Y + β〉 = α(Y ) + β(X), X, Y ∈ TN, α, β ∈ T ∗N,
and the bracket with
(3.6) [[X + α, Y + β]] = [X,Y ] + LXβ − ιY dα+ ιXιY γ, X, Y ∈ X(N), α, β.
The Courant algebroid with underlying bundle TN ⊕T ∗N , and bracket given by Eq. (3.6)
is called the γ-twisted exact Courant algebroid over N , and denoted by TγN .
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Example 3.2 (The Cartan Courant algebroid [41]). The Cartan Courant algebroid
(g⊕ g)×G
reviewed in Example 2.4 is exact. In [1] it is shown that the map s : TG → (g ⊕ g) × G
defined as
s : X → 1
2
(− ιX(dg g−1), ιX(g−1dg)), X ∈ TG
is a (g⊕g)-invariant isotropic splitting of the Cartan Courant algebroid. The corresponding
curvature 3-form is computed as γ = 124〈[g−1dg, g−1dg], g−1dg〉 (note that the normaliza-
tion differs from that in [1]).
Suppose L ⊆ E is a Lagrangian subbundle with support on S ⊆ N , such that a(L) = TS,
then there is a 2-form ω ∈ Ω2(S) uniquely determined by the formula
ιXιY ω = 〈s(X), e〉, X, Y ∈ TS, e ∈ L and a(e) = Y.
Thus, we may identify L with
L = gr(ω[) := {(s(X) + a∗(ιXω + α)) | X ∈ TS, α ∈ ann(TS)} ⊆ E.
A quick calculation using Eq. (3.6) shows that L is a Dirac structure with support on S if
and only if dω = i∗γ, where i : S → N is the inclusion (cf. [41] and [14, Proposition 2.8]).
Suppose
R : TM 99K E
is a Courant morphism supported on the graph of a map µ : M → N . Since E is an
exact Courant algebroid, R is exact if a(R) = Tgr(µ) (cf. Lemma 2.1), in which case the
considerations above show that
R = gr(ω[) ⊆ E× TM,
where ω ∈ Ω2(M) ∼= Ω2(gr(µ)) satisfies dω = µ∗γ [14, 29]. That is, R = Rµ,ω, where Rµ,ω
is defined by
(3.7) X − ιXω + µ∗α ∼Rµ,ω s(µ∗X) + a∗α, X ∈ TM, α ∈ T ∗N.
In particular, if E ⊆ E is a Dirac structure, once an isotropic splitting s : TN → E is
chosen, a morphism of Manin pairs
R : (T, T )M 99K (E, E)
is entirely determined by the underlying map µ : M → N between the spaces, and a 2-form
ω ∈ Ω2(M) (satisfying certain conditions).
Remark 3.1 (Twisted quasi-Hamiltonian structures). Recall the Γ-twisted Cartan Dirac
structure described in Example 2.5,(
(g¯⊕ g)EΓ , gΓ
)×GEΓ .
Suppose we use the splitting TGEΓ → ((g¯⊕g)×G)EΓ described in Example 3.2 to identify(
(g¯⊕ g)×G)EΓ ∼= TγGEΓ ,
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where γ = 124〈[g−1dg, g−1dg], g−1dg〉. Then exact morphisms of Manin pairs
R : (T, T )M 99K
(
(g¯⊕ g)EΓ , gΓ
)×GEΓ
are in one-to-one correspondence with quadruples (M,µ, ρ, ω), where
• µ : M → GEΓ is a smooth map,
• ρ : gVΓ → X(M) is a Lie algebra action, and
• ω ∈ Ω2(M) is a 2-form,
such that
(1) dω = µ∗γ,
(2) µ : M → GEΓ is gVΓ-equivariant with respect to the gVΓ action on GEΓ given on
the e ∈ EΓ-th factor by
ξ → −ξRin(e) + ξLout(e), ξ ∈ gVΓ ,
(3) ker(dµ)x ∩ ker(ω[)x = 0, for every x ∈M , and
(4)
ιρ(ξ)ω =
1
2
µ∗
∑
e∈EΓ
〈g−1e dge, ξout(e)〉+ 〈dge g−1e , ξin(e)〉.
(Note that conditions (2),(3) and (4) determine ρ uniquely in terms of µ and ω). The
quadruple (M,µ, ρ, ω) corresponds to the morphism of Manin pairs Eq. (3.7), supported
on the graph of µ.
The quadruples (M,µ, ρ, ω) generalize quasi-Hamiltonian GEΓ-structures in the sense
that they incorporate an automorphism of GEΓ into their definition. Here the automor-
phism is simply the permutation of factors described by the permutation graph, Γ. Allowing
arbitrary automorphisms leads to a definition of twisted quasi-Hamiltonian spaces along
the lines of the one given in [30] for twisted quasi-Poisson structures (cf. [30, Definition 3]).
Let Gbig := G
VΓ o Z, where Z acts by permuting the factors according to the graph Γ
(cf. Remark 2.4). As explained to the authors by Eckhard Meinrenken, quasi-Hamiltonian(
(g¯ ⊕ g)EΓ , gΓ
) × GEΓ-structures are quasi-Hamiltonian Gbig-structures in the (original)
sense of Alekseev-Malkin-Meinrenken [4] for which the moment map takes values in GVΓ ×
{−1} ⊂ Gbig (cf. Remark 2.4).
We now examine the behaviour of twisted exact Courant algebroids under the partial
reduction procedure described in Theorem 3.1. Suppose that d × N is an exact Courant
algebroid, and a d-invariant isotropic splitting s : TN → d × N is chosen, defining an
isomorphism
d×N ∼= TγN,
We let E ⊆ TγN denote the Dirac structure corresponding to h ×N ⊆ d ×N under this
isomorphism. Suppose
Rµ,ω : (T, T )M 99K (TγN,E) ∼= (d, h)×N
is a exact morphism of Manin pairs, and S ⊆ N is an orbit of the coisotropic subalgebra
c ⊆ d, and the assumptions of both Theorems 3.1 and 3.2 hold for the reductive data (c, S).
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Let iN : S → N and iM : µ−1(S) → M denote the inclusions, and qN : S → Nc,S and
qM : µ
−1(S)→Mc,S the quotients (by c⊥ and h ∩ c⊥, respectively).
We would like to define a splitting of the reduced Courant algebroid dc⊥ × Nc,S . As
explained in [13, Proposition 3.6], unless s(TS) ⊆ c, this will depend on a choice of a
c⊥-invariant connection 1-form θ ∈ Ω1(S, c⊥) for the bundle qN : S → Nc,S . For any
X ∈ X(Nc,S), let Xh ∈ X(S) denote its horizontal lift with respect to the chosen connection.
The map X → s(Xh) ∈ Γ(d× S) may not take values in Γ(c× S), but
sθ : X → s(Xh) + a∗(ιXh〈θ, ϑs〉)
does, where ϑs ∈ Ω1
(
S, (c⊥)∗
)
is defined by 〈ξ, ϑs〉 := s∗ξ, for ξ ∈ c⊥. Note also that
sθ(X) is c
⊥-invariant, and hence descends to a unique section of Γ(c × Nc,S). Thus, the
composition
X(Nc,S)
sθ−→ Γ(c× S)→ Γ(c/c⊥ ×Nc,S) = Γ(dc ×Nc,S)
defines an isotropic splitting s˜θ : TNc,S → dc × Nc,S . We define γ˜θ ∈ Ω3(Nc,S) to be the
associated curvature 3-form. Let Ec,S ⊆ Tγ˜θNc,S denote the Dirac structure corresponding
to hc,S under the isomorphism defined by s˜θ.
Proposition 3.1 (Partial reduction for split exact Courant algebroids). Suppose that
(3.8) Rµ,ω : (T, T )M 99K (TγN,E) ∼= (d, h)×N
is an exact morphism of Manin pairs, that the assumptions of both Theorems 3.1 and 3.2
hold for the reductive data (c, S). Let θ ∈ Ω1(S, c⊥) be a c⊥-invariant connection 1-form
for the bundle qN : S → Nc,S.
Then, under the isomorphism dc × Nc,S ∼= Tγ˜θNc,S defined by the isotropic splitting s˜θ,
the reduced morphism of Manin pairs (3.2), described in Theorem 3.1, is identified with
(3.9) Rµ˜,ω˜θ : (T, T )Mc,S 99K (Tγ˜θNc,S , Ec,S),
where ω˜θ ∈ Ω2(Mc,S) is defined by the equation
(3.10) q∗M ω˜θ = i
∗
Mω − µ∗〈θ, ϑs −
1
2
s ◦ a(θ)〉,
and µ˜ : Mc,S → Nc,S is the unique map such that
µ−1(S) S
Mc,S Nc,S
µ
qM
µ˜
qN
commutes.
Moreover, the 2-form ω˜θ is independent of θ if s(TS) ⊆ c, more precisely, the term
µ∗〈θ, ϑs − 12s ◦ a(θ)〉 in Eq. (3.10) vanishes.
We defer the proof of Proposition 3.1 to Appendix A
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Remark 3.2. In the special case where c = c⊥ is Lagrangian, then c⊥ acts transitively on
S, so Eq. (3.10) simplifies to
q∗M ω˜θ = i
∗
Mω −
1
2
µ∗〈θ, s ◦ a(θ)〉.
Remark 3.3. Consider the Γ-twisted Cartan Dirac structure
(
(g ⊕ g)EΓ , gΓ) × GEΓ . The
conditions that c ⊆ (g⊕ g)EΓ be symmetric and that S ⊆ GEΓ be the c-orbit through the
identity imply that
(3.11) s(TS) ⊆ c
Indeed, Eq. (3.11) is easily checked at the identity of GEΓ , and the invariance of s implies
that it holds at every other point in the c-orbit, S.
Thus, Eq. (3.10) simplifies to
q∗M ω˜θ = i
∗
Mω,
and Theorem 1.3 follows as a corollary to Proposition 3.1.
Example 3.3 (Conjugacy clases and quasi-Hamiltonian geometry). Recall the splitting
s : TG→ (g⊕ g)×G of the Cartan Courant algebroid described in Example 3.2. Suppose
c = g∆ ⊆ (g⊕ g) is the diagonal subalgebra, and S ⊆ G is a conjugacy class. Then,
s ◦ a(ξ, ξ) = (ξ −Adgξ,−Adg−1ξ + ξ), ξ ∈ g, g ∈ G.
So
ιa(η,η)ιa(ξ,ξ)
1
2
µ∗〈θ, s ◦ a(θ)〉 = 〈η,Adgξ〉 − 〈Adgη, ξ〉.
Thus 12〈θ, s ◦a(θ)〉 is proportional to the quasi-Hamiltonian 2-form on the conjugacy class,
S, described in [4, Proposition 3.1].
Suppose now that M is a quasi-Hamiltonian G space with moment map µ : M → G,
and 2-form ω. It follows that partial reduction of the morphism of Manin pairs
Rµ,ω : (T, T )M 99K (g⊕ g, g∆)×G
by (c, S), yields the same symplectic structure as the quasi-Hamiltonian reduction
M ~ S//1G,
where M ~ S denotes the fusion of M with S, as described in [4].
3.4. Commutativity of reductions. Suppose that S1, S2 ⊆ N intersect cleanly, and
that (c1, S1) and (c2, S2) are both reductive data for a morphism of Manin pairs
(3.12) R : (T, T )M 99K (d, h)×N.
Notice that the Lie algebra c2,1 := Rc1 ◦ c2 ⊆ dc1 is coisotropic. Let S2,1 denote the
image of S2 ∩ S1 under the quotient map S1 → Nc1,S1 . In practise, (c2,1, S2,1) will often
form reductive data for
Rc1,S1 : (T, T )Mc1,S1 99K (dc1 , hc1)×Nc1,S1 .
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Similarly, with c1,2 := Rc2 ◦ c1 ⊆ dc2 and S1,2 the image of S1 ∩ S2 under the quotient
map S2 → Nc2,S2 , the pair (c1,2, S1,2) will often form reductive data for
Rc2,S2 : (T, T )Mc2,S2 99K (dc2 , hc2)×Nc2,S2 .
Proposition 3.2 (Commutativity of reductions). Suppose that S1, S2 ⊆ N intersect cleanly,
that (c1, S1), (c2, S2) and (c1∩c2, S1∩S2) all form reductive data for the morphism of Manin
pairs
R : (T, T )M 99K (d, h)×N,
while (c2,1, S2,1) and (c1,2, S1,2) form reductive data for
Rc1,S1 : (T, T )Mc1,S1 99K (dc1 , hc1)×Nc1,S1
and
Rc2,S2 : (T, T )Mc2,S2 99K (dc2 , hc2)×Nc2,S2 ,
respectively.
Then
(3.13) (Rc1,S1)c2,1,S2,1 = Rc1∩c2,S1∩S2 = (Rc2,S2)c1,2,S1,2 .
The proof of this proposition is deferred to Appendix A.0.2.
In this paper, Proposition 3.2 will always be applied as the following corollary:
Corollary 3.1 (Reductions of distinct factors commute). Suppose d × N, d′ × N ′, and
d′′ × N ′′ are all action Courant algebroids, S ⊆ N and S′ ⊆ N ′ are submanifolds and
(c⊕ d′ ⊕ d′′, S ×N ′ ×N ′′), (d⊕ c′ ⊕ d′′, N × S′ ×N ′′) and (c⊕ c′ ⊕ d′′, S × S′ ×N ′′) each
form reductive data for a morphism of Manin pairs
R : (T, T )M 99K (d⊕ d′ ⊕ d′′, h)× (N ×N ′ ×N ′′).
Then
(Rc⊕d′⊕d′′,S×N ′×N ′′)(dc⊕c′⊕d′′,Nc,S×S′×N ′′) = Rc⊕c′⊕d′′,S×S′×N ′′
= (Rd⊕c′⊕d′′,N×S′×N ′′)(c⊕d′
c′⊕d′′,S×N ′c′,S′×N ′′).
4. Quasi-Hamiltonian structures on moduli spaces of flat connections
Suppose that (Σ, V ) is a marked surface, i.e. Σ is a compact oriented surface and V ⊂ ∂Σ
a finite set which intersects each component of Σ and ∂Σ non-trivially. Let Γ be the
boundary graph of Σ with the vertex set V (see Section 1.2.3 for details). In this section
we shall prove Theorem 1.2 using quasi-Hamiltonian reduction. In other words, we want
to construct an exact morphism of Manin pairs
(4.1) RΣ,V : (T, T )MΣ,V 99K
(
(g⊕ g)EΓ , gΓ
)×GEΓ
over the map
µ :MΣ,V → GEΓ
given by the boundary holonomies.
Let us start with a simple case:
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(a) The initial surface. (b) Sewing. (c) The resulting surface.
Figure 22. Sewing two edges from Σ. The two edges must have opposite
orientation to ensure that the resulting surface is orientable.
Proposition 4.1 (union of polygons). Let Σ be a disjoint union of discs and V ⊂ ∂Σ a
finite subset meeting every boundary circle. Then there is a unique exact morphism
(T, T )MΣ,V 99K
(
(g⊕ g)EΓ , gΓ
)×GEΓ
over µ.
Proof. The map µ is in this case an embedding. As explained in Example 2.9, this implies
that there exists a unique exact morphism of Manin pairs 
4.1. Sewing construction. Suppose Σ is a (possibly disconnected) marked surface, and
e1, e2 ∈ Γ are two distinct edges from the boundary graph, we may ‘sew’ the surface
together along e1 and e2 to form a new surface
Σ′ :=
Σ
e1 ∼ e2 ,
as pictured in Fig. 22. In this section, we describe the analogous procedure for the corre-
sponding morphisms of Manin pairs, Eq. (4.1).
First, note that
lsew := {
(
(ξ, η); (η, ξ)
) | ξ, η ∈ g} ⊆ (g⊕ g)⊕(g⊕ g)
is a Lagrangian subalgebra. Since G is connected, the lsew-orbit through the identity of
G×G is
G\∆ := {(g, g−1) | g ∈ G}.
Definition 4.1. Suppose that(
(g⊕ g)
⊕
(g⊕ g)
⊕
d′
)× (G×G×N)
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e1
e2
(a) The graph Γ′, with chosen
edges e1, e2 ∈ EΓ′ .
(b) The graph with edges e1
and e2 identified with oppo-
site orientation.
(c) Γ is the graph Γ′ with
edges e1 and e2 identified, and
the identified edges removed
along with any isolated ver-
tices.
Figure 23
is the product of two Cartan Courant algebroids with an action Courant algebroid, d′×N ,
and that h ⊆ (g⊕ g)⊕(g⊕ g)⊕ d′ is a Lagrangian subalgebra. Further suppose that
(4.2) R : (T, T )M 99K
(
(g⊕ g)
⊕
(g⊕ g)
⊕
d′, h
)× (G×G×N)
is a morphism of Manin pairs.
Let csew = lsew ⊕ d′ and let
Ssew = G
\
∆ ×N ⊆ G×G×N.
If (csew, Ssew) is reduction data for (4.2), then the reduction,
Rcsew,Ssew : (T, T )Mcsew,Ssew 99K (d′, hcsew,Ssew)×N
is called the sewing of (4.2).
In a typical example of sewing, Γ′ will be a permutation graph, e1, e2 ⊆ EΓ′ will be two
(distinct) edges, and
R : (T, T )M 99K
(
(g⊕ g)EΓ′ , gΓ′
)×GEΓ′
will be a morphism of Manin pairs.
We let Γ denote the graph with edge set EΓ := EΓ′ \ {e1, e2} and vertex set
VΓ :=
out(EΓ)
in(e1) ∼ out(e2) and in(e2) ∼ out(e1) ,
as pictured in Fig. 23c.
Let
ce1,e2sew := {(ξ, η) ∈ (g⊕ g)EΓ′ | (ξ, η){e1,e2} ∈ lsew}
Se1,e2sew := {g ∈ GEΓ′ | g{e1,e2} ∈ G\∆}
as in Definition 4.1. Here we are using the notation (ξ, η){e1,e2} :=
(
(ξe1 , ηe1); (ξe2 , ηe2)
)
, as
described in Section 1.1. The morphism of Manin pairs
Rce1,e2sew ,S
e1,e2
sew
: (T, T )Mce1,e2sew ,Se1,e2sew 99K ((g⊕ g)EΓ , gΓ)×GEΓ
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is called the result of sewing edges e1 and e2 together. Here we have used the following
lemma to simplify the right hand side:
Lemma 4.1. The Lie subalgebras gΓ ⊆ (g⊕ g)EΓ and (gΓ′)ce1,e2sew ⊆ (g⊕ g)EΓ′ are equal.
Proof. Let us recall that
gΓ′ = (in⊕ out)!gVΓ′∆ ∼= gVΓ′
and
(gΓ′)ce1,e2sew = gΓ′ ∩ ce1,e2sew /gΓ′ ∩ (ce1,e2sew )⊥.
By definition of ce1,e2sew , gVΓ′ ∩ ce1,e2sew is the subalgebra of gVΓ′ where the components corre-
sponding to identified vertices are equal. After we divide by gΓ′ ∩ (ce1,e2sew )⊥ we obtain the
Lie algebra gΓ = g
VΓ . 
The morphism of Manin pairs (4.1) which we assign to the surface Σ will satisfy the
following sewing property:
Sewing property. Let (Σ, V ) be obtained out of (Σ′, V ′) by sewing edges e1 and e2. There
is a canonical isomorphism
(4.3) MΣ,V
∼=−→ (MΣ′,V ′)ce1,e2sew ,Se1,e2sew ,
which identifies the following two morphisms of Manin pairs:
RΣ,V : (T, T )MΣ,V 99K ((g⊕ g)EΓ , gΓ)×GEΓ ,
and
(RΣ′,V ′)ce1,e2sew ,S
e1,e2
sew
: (T, T )MΣ,V 99K ((g⊕ g)EΓ , gΓ)×GEΓ .
Notice that
µ−1(Se1,e2sew ) = {f ∈MΣ′,V ′(G) | f(e1)f(e2) = 1}
and that
µ−1(Se1,e2sew )/g
V ′ ∩ (ce1,e2sew )⊥ =MΣ,V (G).
Thus, the isomorphism 4.3 is clear. The non-trivial part of the statement is the behaviour
of the RΣ,V ’s
4.1.1. Commutativity of sewing. Suppose {e1, e2}, {e′1, e′2} ⊆ EΓ are two distinct pairs of
distinct edges (i.e. {e1, e2} ∩ {e′1, e′2} = ∅), and let i : {e1, e2} → EΓ and i′ : {e′1, e′2} → EΓ
denote the inclusions. We may form the graph Γ′′, with edge set EΓ′′ := EΓ \{e1, e2, e′1, e′2}
and vertex set
VΓ′′ :=
out(EΓ′′)
in(e1) ∼ out(e2), in(e2) ∼ out(e1), and in(e′1) ∼ out(e′2), in(e′2) ∼ out(e′1)
.
It is the graph obtained from Γ by identifying the oppositely directed edges e1 ∼ e2 and
e′1 ∼ e′2, and then deleting these newly identified edges and any isolated vertices.
Let
c1 := c
e1,e2
sew = i(lsew) ⊕ (g⊕ g){e′1,e′2} ⊕ (g⊕ g)EΓ′′ ,
c2 := c
e′1,e
′
2
sew = (g⊕ g){e1,e2} ⊕ i′(lsew) ⊕ (g⊕ g)EΓ′′ ,
c1,2 := c1 ∩ c2 = i(lsew) ⊕ i′(lsew) ⊕ (g⊕ g)EΓ′′ ,
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(a) A triangulation of the 3-gon. (b) A Triangulation of the 4-gon.
Figure 24. Triangulations of 3 and 4-gons. The dashed lines indicate
internal edges of the triangulation along which we sew.
and
S1 := S
e1,e2
sew = i(G
\
∆) × G{e
′
1,e
′
2} × GEΓ′′ ,
S2 := S
e′1,e
′
2
sew = G{e1,e2} × i′(G\∆) × GEΓ′′ ,
S1,2 := S1 ∩ S2 = i(G\∆) × i′(G\∆) × GEΓ′′ ,
If the pairs (ce1,e2sew , S
e1,e2
sew ), (c
e′1,e
′
2
sew , S
e′1,e
′
2
sew ) and (c1 ∩ c2, S1 ∩ S2) all form reductive data for
R, then the assumptions of Corollary 3.1 are satisfied. Therefore,(
Rce1,e2sew ,S
e1,e2
sew
)
c
e′1,e′2
sew ,S
e′1,e′2
sew
= Rc1,2,S1,2 =
(
R
c
e′1,e′2
sew ,S
e′1,e′2
sew
)
c
e1,e2
sew ,S
e1,e2
sew
as morphisms of Manin pairs
(T, T )M ′′ 99K ((g⊕ g)EΓ′′ , gΓ′′)×GEΓ′′ ,
where M ′′ = Mc1,2,S1,2 . That is to say, it makes no difference in which order we sew pairs
of edges: the results are all naturally isomorphic.
4.2. The quasi-Hamiltonian structure on MΣ,V (G).
Theorem 4.1. There is a unique way to assign to every marked surface (Σ, V ) an exact
morphism of Manin pairs
RΣ : (T, T )MΣ,V 99K
(
(g⊕ g)EΓ , gΓ
)×GEΓ
supported on the graph of µ : MΣ,V → GEΓ such that the assignment satisfies the sewing
property.
Proof. If Σ′ is a disjoint union of disks then RΣ′ exists and is unique by Proposition 4.1.
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Suppose that Σ is triangulated and V = T 0 ∩ ∂Σ. Let Σ′ be the disjoint union of the
triangles and V ′ the set of its vertices. Then, by sewing the respective edges ofMΣ′,V ′(G)
according to the triangulation, we get an exact morphism of Manin pairs
RT : (T, T )MΣ,V 99K
(
(g⊕ g)EΓ , gΓ
)×GEΓ .
By commutativity of sewing these morphisms satisfy the sewing property. It remains to
show that they are independent of the triangulation T .
Thus, we need to prove that RT is invariant under Pachner moves applied to T . Pachner
moves are, however, simply changes of triangulations of a polygon (either a triangle or a
square, see Theorem 4.1). The independence thus follows from Proposition 4.1. 
5. Poisson structures on the moduli space of flat connections
Suppose G is a (connected) Lie group with Lie algebra g and s ∈ S2(g)G is a G-invariant
symmetric 2-tensor. We let d denote the Drinfel’d double of g, as in Example 1.8. Suppose
now that Γ is a permutation graph. Then dVΓ acts on GEΓ with coisotropic stabilizers, as
follows: dVΓ acts on the e ∈ EΓ-th factor GEΓ via the vector field
ρ(ξ)e = −s(ξin(e))R + t(ξout(e))L, ξ ∈ dVΓ ,
(cf. Fig. 25b). Thus
gVΓ ×GEΓ ⊆ dVΓ ×GEΓ
is a Dirac structure.
GG
ee′ v
d
(a) Here in(e) = v = out(e′), where v ∈ VΓ
is the vertex and e, e′ ∈ EΓ are edges.
s(ξv) 	 G · · ·· · ·G  t(
ξv)
e′ ev
(b) The element ξ(·) ∈ dVΓ acts diagonally
by ξv at the vertex v.
Figure 25
Suppose (Σ, V ) is a marked surface (where we now allow components of ∂Σ to intersect
V trivially), with boundary graph Γ. In this section, we prove there exists a natural
quasi-Hamiltonian (d, g)VΓ ×GEΓ structure on MΣ,V (G), i.e a morphism of Manin pairs
RΣ,V : (T, T )MΣ,V (G) 99K (d, g)VΓ ×GEΓ
over the map
µ :MΣ,V (G)→ GEΓ
given by the boundary holonomies.
As before, for disjoint unions of polygons the quasi-Hamiltonian structure is uniquely
defined.
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Proposition 5.1 (union of polygons). Let Σ be a disjoint union of discs and V ⊂ ∂Σ a
finite subset. Then there is a unique exact morphism of Manin pairs
(T, T )MΣ,V 99K
(
(g⊕ g)EΓ , gΓ
)×GEΓ
over µ.
Proof. As in Proposition 4.1, µ is an embedding, so this follows from Example 2.9. 
5.1. Fusion. Suppose that P,Q ∈ VΓ are two distinct vertices. The operation of fusion at
the ordered pair of vertices (P,Q) described in [30] (following [3,4]), can be understood in
terms of a morphism of Manin pairs
R(P,Q) : (d, g)
VΓ ×GEΓ 99K (d, g)VΓ∗ ×GEΓ∗
where the graph Γ∗ is a permutation graph constructed from Γ, as we shall now explain:
Let ←−
P
e = in−1(P ) and e←−
P
:= out−1(P ) denote the edges entering and exiting P . Simi-
larly, let ←−
Q
e = in−1(Q) and e←−
Q
:= out−1(Q) denote the edges entering and exiting Q.
Case 1: ←−
Q
e = e←−
P
: In this case, Γ∗ is obtained by discarding the edge ←−
Q
e = e←−
P
and
identifying the vertices P and Q (cf. Fig. 26).
Meanwhile for (ξ, g) ∈ dVΓ ×GEΓ and (ξ∗, g∗) ∈ dVΓ∗ ×GEΓ∗
(ξ, g) ∼R(P,Q) (ξ∗, g∗)
if and only if g∗e = ge for every e ∈ EΓ∗ and
(5.1) ξ∗v =
{
ξQ ◦ ξP if v is the vertex obtained by identifying P and Q
ξv otherwise,
(in particular, we assume that ξQ and ξP are composable elements of the Lie
groupoid d).
Case 2: ←−
Q
e 6= e←−
P
: In this case, Γ∗ is obtained by identifying the vertices P and Q
and composing the edges e←−
P
and ←−
Q
e to form a new edge e
P̂Q
(cf. Fig. 27).
Meanwhile for (ξ, g) ∈ dVΓ ×GEΓ and (ξ∗, g∗) ∈ dVΓ∗ ×GEΓ∗
(ξ, g) ∼R(P,Q) (ξ∗, g∗)
if and only if
g∗e =
{
ge←−
P
g←−
Q
e if e = eP̂Q
ge otherwise,
while ξ∗ and ξ satisfy Eq. (5.1), as before.
Now suppose that M is a quasi-Hamiltonian (d, g)VΓ × GEΓ-space defined by the mor-
phism of Manin pairs
R : (T, T )M 99K (d, g)VΓ ×GEΓ .
Then the morphism of Manin pairs
R∗ := R(P,Q) ◦R : (T, T )M 99K (d, g)VΓ∗ ×GEΓ∗
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ξP ξQ
ξQ ◦ ξP
Γ Γ∗
g←−
Q
e←−
P
g←−
P
e ge←−
Q
g←−
P
e ge←−
Q
Figure 26. The graph Γ∗ is the permutation graph obtained from Γ by
deleting the edge, ←
Q
e←
P
, passing from P to Q, and identifying the vertices P
and Q. (The graphs are isomorphic outside the pictured regions.) Heuris-
tically, we have obtained the graph Γ∗ by gluing short sections from both
ends of ←
Q
e←
P
together (effectively divorcing it from the graph).
Meanwhile, the Courant morphism, R(P,Q), is defined by composing the
corresponding elements labelling the vertices and by forgetting the element
which labelled the deleted edge.
ξP ξQ
ξQ ◦ ξP
Γ Γ∗
ge←−
P
g←−
Q
e
ge←−
P
g←−
Q
e
g←−
P
e ge←−
Q
g←−
P
e ge←−
Q
Figure 27. The graph Γ∗ is the permutation graph obtained from Γ by
identifying the vertices P andQ and composing the edge enteringQ with the
edge leaving P . (The graphs are isomorphic outside the pictured regions.)
Heuristically, we have obtained the graph Γ∗ by gluing a short section of
the edges e←
P
and ←
Q
e together.
Meanwhile, the Courant morphism, R(P,Q), is defined by composing the
corresponding elements labelling the edges and vertices.
defines a quasi-Hamiltonian (d, g)VΓ∗ ×GEΓ∗ -structure on M which we call the fusion of R
at the ordered pair (P,Q) of vertices.
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Remark 5.1 (Associativity of Fusion). Since the Courant morphism R(P,Q) is defined in
terms of the groupoid structure on d and the group structure on G, it follows that fusion
is an associative operation.
5.2. The quasi-Hamiltonian structure for quasi-triangular structure Lie alge-
bras. Let (Σ, V ) be a marked surface. If we choose an ordered pair (P,Q) of marked
points (P 6= Q ∈ V ) then the corresponding fused surface Σ∗ is obtained by gluing a short
piece of the arc starting at P with a short piece of the arc ending at Q (so that P and Q
get identified). The subset V ∗ ⊂ ∂Σ∗ is obtained from V by identifying P and Q. The
map
MΣ∗,V ∗(G)→MΣ,V (G),
coming from the map (Σ, V )→ (Σ∗, V ∗), is a diffeomorphism.
Theorem 5.1. There is unique way to assign to every marked surface (Σ, V ) a morphism
of Manin pairs
RΣ,V : (T, T )MΣ,V (G) 99K (d, g)VΓ ×GEΓ
supported on the graph of µ : MΣ,V (G) → GEΓ such that if (Σ∗, V ∗) is obtained from
(Σ, V ) by fusion, then RΣ∗,V ∗ is obtained from RΣ,V by the corresponding fusion.
We defer the proof until the next section.
Remark 5.2. When s ∈ S2(g)G is non-degenerate (i.e. g is quadratic), then d = g ⊕ g¯ is
the pair groupoid and
(in⊕ out)!(s⊕ t) : dVΓ → (g¯⊕ g)EΓ
is an isomorphism. In this case, it is not difficult to convince oneself that the morphisms
of Manin pairs
RΣ,V : (T, T )MΣ,V (G) 99K ((g¯⊕ g)EΓ , gVΓ∆ )×GEΓ
described in Theorem 5.1 satisfy the sewing property. That is they are precisely the ones
described in Theorem 4.1.
5.2.1. quasi-Hamiltonian (d, g)VΓ ×GEΓ-manifolds and quasi-Poisson geometry. Using the
material in Section 3.2, we intend to relate quasi-Hamiltonian (d, g)VΓ × GEΓ-spaces to
the quasi-Poisson spaces studied in [3, 30]. A canonical choice of complement to g ⊆ d is
g∗¯
∆
:= (s + t)∗(g∗) ⊆ d, explicitly
g∗¯∆ =
{(
α− 1
2
s(α, ·)) | α ∈ p ⊆ d}.
Similarly, k = (g∗¯
∆
)VΓ is a canonical choice of complement to gVΓ ⊆ dVΓ .
Let σΓ : VΓ → VΓ be the permutation given by walking along the graph Γ against the
direction of each edge. Suppose that (M,ρ, pi) is a quasi-Poisson GVΓ-manifold, in the
sense of [3, 30] and µ : M → GVΓ is a σΓ!-twisted moment map in the sense of [30]. Let
µ˜ : M → GEΓ be defined by
µ˜(m)e =
(
µ(m)in(e)
)−1
, m ∈M, e ∈ EΓ.
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Proposition 5.2. There exists a unique morphism of Manin pairs
R : (T, T )M 99K (dVΓ , gVΓ)×GEΓ
over the map µ˜ which is compatible with the gVΓ action on M and such that k ◦R = gr(pi]).
Moreover, the converse holds whenever the action of gVΓ on M integrates to an action
of GVΓ.
Proof. This follows from a direct application of [14, Proposition 3.5]. (cf. Section 3.2). 
In this sense there is a one-to-one correspondence between quasi-Poisson GVΓ-manifolds
with σΓ
!-twisted moment maps and quasi-Hamiltonian (dVΓ , gVΓ)×GEΓ-manifolds.
Proposition 5.3. Suppose (M,ρ, pi) is a quasi-Poisson GVΓ-manifold with σΓ
!-twisted mo-
ment map, and let
R : (T, T )M 99K (dVΓ , gVΓ)×GEΓ
be the corresponding quasi-Hamiltonian (dVΓ , gVΓ) × GEΓ-structure on M . Let R∗ denote
the fusion of R at the ordered pair of vertices (P,Q) ⊂ VΓ. Then the bivector field for the
quasi-Poisson GVΓ∗ -structure corresponding to R∗ is
pi∗ := pi + ρ(τ),
where τ ∈ ∧2(gVΓ) is the insertion of ψ ∈ ∧2(gP ⊕ gQ),
ψ =
1
2
∑
i,j
sij (ξi, 0) ∧ (0, ξj)
at the P,Q-th factors. Here s =
∑
i,j s
ij ξi ⊗ ξj in some basis ξi of g.
Thus, (up to a sign difference) fusion in the sense of Section 5.1 is precisely the same as
fusion in the sense of [3, 30].
Proof. Let k∗ = (g∗¯∆)
VΓ∗ . A straightforward computation shows that
k∗ ◦R(P,Q) = {(ξ + τ ](ξ)) | ξ ∈ k}.
By definition, gr
(
(pi∗)]
)
= k∗ ◦R∗. Thus, we see from
k∗ ◦R(P,Q) ◦R = gr(pi) + gr(ρ(τ))
that pi∗ = pi + ρ(τ). 
Remark 5.3 (Sign differences). In [30], the bivector field resulting from fusing the ordered
pair (P,Q) is defined to be pi∗ = pi−ρ(τ). This difference is essentially due to the fact that
we orient our boundary graph to agree with the orientation of ∂Σ, whereas the opposite
convention is used in [30].
Proof of Theorem 5.1. Propositions 5.2 and 5.3 show that it suffices to prove the equivalent
statement for quasi-Poisson GVΓ-structures. However, [30, Theorem 2] and [30, Theorem
4] shows there exists a unique quasi-Poisson GVΓ-structure on MΣ,V (G) with σΓ!-twisted
moment map which is compatible with fusion (notice that Proposition 5.1 implies the first
two properties of [30, Theorem 2] are automatically satisfied). 
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Corollary 5.1. The proof of Theorem 5.1 also shows that the bivector field on MΣ,V is
given by Eq. (1.11).
Appendix A. Proofs of reduction theorems
Before proving Theorems 3.1 and 3.2 and Proposition 3.1, we first establish some lemmas.
Lemma A.1. Suppose that (η;Z) ∈ Rc,S, where η ∈ dc, Z ∈ TMc,S and Rc,S is as in
Theorem 3.1. Then
(1) η ∈ hc, and
(2) η = 0 only if Z = 0.
Proof. Let ξ ∈ d, X ∈ TM and α ∈ T ∗M be chosen so that (ξ;X + α) ∈ R and
(ξ;X + α) ∼(R2×R1) (η;Z).
Since R1 = RqM ◦ R>iM , it follows that α ∈ ann(Tµ−1S). Consequently, there exists α˜ ∈
ann(TS) such that α = µ∗α˜. Since S is c invariant,
ζα := a
∗α˜ ∈ c⊥.
Moreover, since R is supported on the graph of µ, (ζα, α) = a
∗(−α˜, µ∗α˜) ∈ R. Thus
(A.1) (ξ − ζα;X) ∈ R
and
(A.2) (ξ − ζα;X) ∼(R2×R1) (η;Z).
Since (3.1) is a morphism of Manin pairs, axiom (m1) of Definition 2.5 implies that
(A.3) ξ − ζα ∈ h.
Thus Eq. (A.2) implies that η ∈ hc, establishing the first claim.
Next, suppose η = 0, then Eq. (A.2) implies that ξ − ζα ∈ c⊥ in addition to Eq. (A.3).
That is ξ − ζα ∈ c⊥ ∩ h, and hence Eqs. (2.8) and (A.1) imply that X is tangent to the
c⊥ ∩ h. Therefore Z = qM (X) = 0, establishing the second claim. 
Lemma A.2. Under the assumptions of Theorem 3.1, the Courant relation
R2 ×R1 : (d×N)× TM 99K (dc ×Nc,S)× TMc,S
composes cleanly with the Dirac structure R ⊆ (d×N)× TM .
Moreover, the composition
Rc,S := R2 ◦R ◦R>1
is a well defined subbundle of (dc ×Nc,S)× TMc,S.
Proof. We begin by proving that the composition (R2 × R1) ◦ R is clean. For this, it is
sufficient to show that
(1) the rank of the intersections ker(R2×R1)⊥ ∩R and ker(R2×R1)∩R are constant,
and
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(2) the composition of the underlying relation of vector bundle bases,
(
gr(qN × qM ) ◦ gr(iN × iM )>
) ◦ gr(µ)
is clean.
We now show that the rank of ker(R2 ×R1) ∩R is constant. We claim that the sequence
(A.4) 0→ h ∩ c⊥ ξ→(ξ,ρR(ξ))−−−−−−−→ ker(R2 ×R1) ∩R (ξ,X+α)→α−−−−−−−→ ann(Tµ−1S)→ 0
is exact, where ρR is defined in Eq. (2.8).
First, the second map is surjective: for any α ∈ ann(Tµ−1S), let α˜ ∈ ann(TS) be chosen
so that µ∗α˜ = α. Since S is c invariant,
ζα := a
∗α˜ ∈ c⊥.
Moreover, since R is supported on the graph of µ,
(ζα, α) = a
∗(−α˜, µ∗α˜) ∈ ker(R2 ×R1) ∩R.
Next, we prove exactness at ker(R2×R1)∩R. Suppose (ξ,X) ∈ ker(R2×R1)∩R. Since
Eq. (3.1) is a morphism of Manin pairs, ξ ∈ h and X = ρR(ξ−ζα). Since ξ ∈ ker(R2) = c⊥,
we conclude that ξ ∈ h ∩ c⊥.
This shows that the sequence Eq. (A.4) is exact. Since h∩c⊥ and ann(Tµ−1S) are both of
constant rank, so is ker(R2×R1)∩R. Consequently
(
ker(R2×R1)∩R
)⊥
= ker(R2×R1)⊥+R
is also of constant rank, and thus so is ker(R2 ×R1)⊥ ∩R.
Next, we need to show that the following composition of relations is clean:
M N
S˜ S
Mc,S Nc,S
µ
qM
iM
qN
iN
µ˜
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where, for brevity, we have introduced the notation S˜ := µ−1(S). Since gr(µ) intersects
S ×M cleanly, the composition gr(µ|S˜) = gr(iN )> ◦ gr(µ ◦ iM ) is clean
M N
S˜ S
Mc,S Nc,S
µ
µ|S˜
qM
iM
qN
iN
µ˜
Next,
gr(qN ◦ µ|S˜)× gr(qM )> ⊆ Nc,S × S˜ × S˜ ×Mc,S
intersects Nc,S × S˜∆ ×Mc,S transversely, since qM and qN ◦ µ|S˜ are both maps. Moreover,
since Mc,S is the set of h ∩ c⊥ orbits in S˜, while Nc,S is the set of c⊥ orbits in S, the
projection (
gr(qN ◦ µ|S˜)× gr(qM )>
)
∩
(
Nc,S × S˜∆ ×Mc,S
)
→ gr(µ˜)
is a surjective submersion. Thus, by definition, gr(qN ◦µ|S˜) composes cleanly with gr(qM )>.
It follows that R2 ×R1 composes cleanly with R.
Finally, since {(ξ; ρR(ξ)) | ξ ∈ h ∩ c⊥} ⊆ R, it follows that R is h ∩ c⊥ invariant. Hence
Rc,S := R2 ◦R ◦R>1 is a well defined subbundle of(
dc ×Dc/Gc
)× TQ.

We are now ready to prove Theorems 3.1 and 3.2.
Proof of Theorem 3.1. Since Nc,S is the space of c
⊥-orbits of S, while Mc,S is the space of
c⊥ ∩ h orbits of µ−1(S), the h-equivariant map
µ : µ−1(S)→ S
descends to a define a unique map
µ˜ : Mc,S → Nc,S .
The composition Rc,S := R2 ◦R ◦R>1 is supported on the graph of µ˜. Thus Lemma A.2
and Proposition 2.1 show that
Rc,S : TMc,S 99K dc ×Nc,S
is a Courant morphism.
Finally, Lemma A.1 proves that (3.2) satisfies the defining conditions for a morphism of
Manin pairs. 
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Proof of Theorem 3.2. We need to show that Eq. (3.2) is a exact morphism of Manin
pairs. We do this by first showing that dc × Nc,S is an exact Courant algebroid along
the image of µ(M) ∩ S, and next by showing that the anchor maps Rc,S surjectively onto
Tgr(µc,S : Mc,S → Nc,S).
The fact that dc ×Nc,S is exact follows from [13, Theorem 3.3], but we include a proof
here anyways. We must show that
(A.5) 0→ T ∗Nc,S a
∗−→ dc ×Nc,S a−→ TNc,S → 0
is an exact sequence. By assumption, c acts transitively on S. Thus dc := c/c
⊥ acts
transitively on Nc,S := S/c
⊥. It follows that the sequence (A.5) is exact at TNc,S , and
hence, by duality, also at T ∗Nc,S .
Next, Eq. (A.5) is exact at dc×Nc,S if and only if ker(a) is isotropic. This, in turn, holds
if and only if c ∩ (ker(ad) + c⊥) is isotropic, where ad denotes the anchor map for d × N .
But (
c ∩ (ker(ad) + c⊥)
)⊥
= c⊥ + Im(a∗d) ∩ c⊥ = c ∩ (Im(a∗d) + c⊥).
Therefore, (A.5) is exact at TNc,S if Im(a
∗
d) = ker(ad), which holds whenever d×N is exact
(as it is along µ(M)).
Next we need to show that the anchor maps Rc,S surjectively onto Tgr(µc,S : Mc,S →
Nc,S). More precisely, for any Z ∈ TMc,S , we must show there exists η ∈ dc and γ ∈ T ∗Mc,S
such that
(η, Z + γ) ∈ Rc,S .
Let X ∈ Tµ−1(S) be chosen so that it maps to Z under the quotient map qM : µ−1(S)→
Mc,S . Since Eq. (3.1) is exact, there exists α ∈ T ∗M and ξ ∈ d such that (ξ,X + α) ∈ R.
Now R is supported on the graph of µ, so ad(ξ) = dµ(X) ∈ TS. Since c acts transitively
on S, we must have ξ ∈ c + ker(ad). Since d × N is exact, ker(ad) = Im(a∗d). Thus there
exists ξ′ ∈ c and β ∈ T ∗N such that ξ = ξ′ + a∗dβ. Since R is supported on the graph of µ,
(a∗dβ, µ∗β) ∈ R, and thus
(ξ′, X + α− µ∗β) ∈ R.
Since R is Lagrangian, pairing this element with (ζ, ρR(ζ)) ∈ R, where ζ ∈ h ∩ c⊥, we see
that
0 = 〈ξ′, ζ〉 = 〈α− µ∗β, ρR(ζ)〉.
Since ζ ∈ h ∩ c⊥ was arbitrary, this shows that α− µ∗β = q∗Mγ for some γ ∈ T ∗Mc,S .
Thus, we have shown that
(ξ′ + c⊥, Z + γ) ∈ Rc,S ,
where ξ′ + c⊥ is the image of ξ′ under the quotient map c → c/c⊥. Since Z ∈ TMc,S was
arbitrary, we may conclude that Eq. (3.2) is exact.

Proof of Proposition 3.1. First we show that the 2-form ωθ := i
∗
Mω−µ∗〈θ, ϑs− 12s◦a(θ)〉 ∈
Ω2
(
µ−1(S)
)
is h ∩ c⊥-invariant and basic. To show invariance, note that (by definition)
(ξ, ρR(ξ)) ∈ R for any ξ ∈ h, and thus R is h-invariant. Since s : TN → d × N is an d-
invariant splitting, it follows that Rµ,ω and hence ω ∈ Ω2(M) is h-invariant. Additionally,
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s,a and ϑs are d-equivariant, while θ is c
⊥-equivariant. Hence 〈θ, ϑs − 12s ◦ a(θ)〉 is c⊥-
invariant. It follows that the sum, ωθ is h ∩ c⊥-invariant.
The isomorphism d × N → TγN is given by ξ → a(ξ) + s∗(ξ), for all ξ ∈ d. Thus, for
ξ, η ∈ d, we have
〈ξ, η〉 = 〈a(ξ) + s∗(ξ),a(η) + s∗(η)〉 = 〈s ◦ a(ξ), η〉+ 〈ξ, s ◦ a(η)〉.
Thus, since c⊥ is coisotropic, the assignment ξ, η → 〈ξ, s ◦ aη〉 defines a skew-symmetric
form on c⊥.
Now suppose ξ ∈ c⊥, then
ιa(ξ)〈θ, ϑs −
1
2
s ◦ a(θ)〉
=〈ξ, ϑs − 1
2
s ◦ a(θ)〉 − 〈θ, s ◦ a(ξ)− 1
2
s ◦ a(ξ)〉
=s∗ξ − 1
2
〈ξ, s ◦ a(θ)〉 − 〈θ, s ◦ a(ξ)− 1
2
s ◦ a(ξ)〉
=s∗ξ,(A.6)
where the last line follows from the skew-symmetry of the assignment ξ, η → 〈ξ, s ◦ a(η)〉.
Now, for ξ ∈ h, we have µ∗ρR(ξ) = a(ξ), and thus Eq. (3.7) implies that
(A.7) ρR(ξ)− ιρR(ξ)ω + ιρR(ξ)µ∗〈θ, ϑs −
1
2
s ◦ a(θ)〉 ∼Rµ,ω a(ξ) + s∗(ξ), ξ ∈ h ∩ c⊥.
Since Eq. (3.8) is a morphism of Manin pairs, and since a(ξ) + s∗(ξ) ∈ E for any ξ ∈ h,
it follows that the left hand side of Eq. (A.7) lies in TM . That is, ιρR(ξ)ωθ = 0 for any
ξ ∈ h∩ c⊥. We conclude that there is a unique 2-form ω˜θ ∈ Ω2(Mc,S) such that q∗M ω˜θ = ωθ.
We define the Courant relation
Rc,s,θ := gr(a⊕ s˜∗θ) ◦Rc ◦ gr(a⊕ s∗)> : TγN 99K TγθNc,S ,
so that
gr(a⊕ s˜∗θ) ◦Rc,S = Rc,s,θ ◦Rµ,ω ◦ gr(iM ) ◦ gr(qM )>.
Now the definition of sθ shows that for any X ∈ X(Nc,S), we have
Xh + ιXh〈θ, ϑs〉 ∼Rc,s,θ X.
Since Xh is horizontal with respect to θ and X = (qN )∗Xh, we also have
Xh + ιXh〈θ, ϑs −
1
2
s ◦ a(θ)〉 ∼Rc,s,θ (qN )∗Xh.
On the other hand, for ξ ∈ c⊥, we have a(ξ) + s∗(ξ) ∼Rc,s,θ 0, so Eq. (A.6) shows that
a(ξ) + ιa(ξ)〈θ, ϑs −
1
2
s ◦ a(θ)〉 ∼Rc,s,θ (qN )∗a(ξ).
Therefore, for any X ∈ TS,
X + ιX〈θ, ϑs − 1
2
s ◦ a(θ)〉 ∼Rc,s,θ (qN )∗X,
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since this relation holds for both horizontal and vertical vector fields on the bundle qN :
S → Nc,S . This implies Rc,s,θ ◦ Rµ,ω ◦ gr(iM ) = Rµ,ωθ . Finally, since ωθ = q∗M ω˜θ, we
conclude that
Rc,s,θ ◦Rµ,ω ◦ gr(iM ) ◦ gr(qM )> = Rµ˜,ω˜θ ,
which proves the first part of the proposition.
Now suppose that s(TS) ⊆ c, then s∗(c⊥) ⊆ ann(TS), so ϑs = 0 and s∗θ = 0. Thus
〈θ, ϑs − 12s ◦ a(θ)〉 = 0, and ω˜θ is independent of θ. This concludes the proof of the
proposition. 
A.0.2. Proof of the commutativity of partial reduction.
Proof of Proposition 3.2. By symmetry, it is sufficient to prove the first equality in Eq. (3.13).
The key fact is that when (c1 ∩ c2, S1 ∩ S2) is reductive data then c1 ∩ c2 is coisotropic. As
a result,
(A.8) c⊥1 ⊆ (c1 ∩ c2)⊥ ⊆ c1 ∩ c2 ⊆ c2.
Thus,
c2,1 = (c1 ∩ c2)/(c⊥1 ∩ c2) = (c1 ∩ c2)/c⊥1 ,
and
c⊥2,1 = (c
⊥
1 + c
⊥
2 )/c
⊥
1 .
Hence ξ ∈ d, ξ′ ∈ dc1 and ξ′′ ∈ (dc1)c2,1 satisfy
ξ ∼Rc1 ξ′ ∼Rc2,1 ξ′′
if and only if
ξ ∈ c1, ξ′ = ξ + c⊥1 , ξ′ ∈ (c1 ∩ c2) + c⊥1 , and ξ′′ = ξ′ + c⊥1 + c⊥2 .
Equivalently,
ξ ∈ c1 ∩ c2, ξ′′ = ξ + (c1 ∩ c2)⊥, and ξ′ = ξ + c1.
So
(A.9) Rc2,1 ◦Rc1 = Rc1∩c2 .
Before continuing, we introduce some notation. Let µc1,S1 : Mc1,S1 → Nc1,S1 be the
function whose graph is the support of Rc1,S1 , let
iN1 : S1 → N, iM1 : µ−1(S1)→M,
iN : S1 ∩ S2 → N, iM : µ−1(S1 ∩ S2)→M,
iN2,1 : S2,1 → Nc1,S1 , iM2,1 : µ−1c1,S1(S2,1)→Mc1,S1
denote the inclusions, and
qN1 : S1 → Nc1,S1 , qM1 : µ−1(S1)→Mc1,S1 ,
qN : S1 ∩ S2 → Nc1∩c2,S1∩S2 , qM : µ−1(S1 ∩ S2)→Mc1∩c2,S1∩S2 ,
qN2,1 : S2,1 → (Nc1,S1)c2,1,S2,1 , qM2,1 : µ−1c1,S1(S2,1)→ (Mc1,S1)c2,1,S2,1
denote the quotient maps.
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Now
(Rc1,S1)c2,1,S2,1 =
((
Rc2,1 ◦Rc1
)× gr(qN2,1) ◦ gr(iN2,1)> ◦ gr(qN1) ◦ gr(iN1)>)
◦R ◦ (RqN2,1 ◦R>iN2,1 ◦RqN1 ◦R>iN1)>
Now
(A.10) x ∼gr(qN1 )◦gr(iN1 )> y ∼gr(qN2,1 )◦gr(iN2,1 )> z
if and only if
x ∈ S1, y = qN1(x), y ∈ S2,1, and z = qN2,1(y).
Equation (A.8) implies that the c1∩c2 invariant manifold S1∩S2 is also c⊥1 invariant. Since
S2,1 is the set of c
⊥
1 orbits in S1 ∩ S2, it follows that y ∈ S2,1 if and only if x ∈ S1 ∩ S2.
Thus, Eq. (A.10) holds if and only if
x ∈ S1 ∩ S2, z = qN2,1 ◦ qN1(x), and y = qN1(x).
But
qN2,1 ◦ qN1 |S1∩S2 : S1 ∩ S2 → Nc1∩c2,S1∩S2
is the quotient map for the c⊥1 + c⊥2 action, i.e. qN2,1 ◦ qN1 |S1∩S2 = qN . Therefore
(A.11) gr(qN2,1) ◦ gr(iN2,1)> ◦ gr(qN1) ◦ gr(iN1)> = gr(qN ) ◦ gr(iN )>.
A similar calculation shows that
gr(qM2,1) ◦ gr(iM2,1)> ◦ gr(qM1) ◦ gr(iM1)> = gr(qM ) ◦ gr(iM )>,
and since the composition is clean we also have
(A.12) RqN2,1 ◦R>iN2,1 ◦RqN1 ◦R
>
iN1
= RqM ◦R>iM
Combining Eqs. (A.9), (A.11) and (A.12) shows that
(Rc1,S1)c2,1,S2,1 =
(
Rc1∩c2 × (gr(qN ) ◦ gr(iN )>)
) ◦R ◦ (RqM ◦R>iM )> = Rc1∩c2,S1∩S2 .

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